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Abstract 



Considered is the Af = 1 SQCD-like theory with SU (N c ) colors and < N F < 2N C flavors 
o ,1 of light quarks Qi, Qj and with the additional iVj. colorless flavored fields $y with the large 
^ [ mass parameter yu<j, ^> Aq. The mass spectra of this $ - theory (and its dual variant, the 
<i<3> - theory) are calculated at different values of /i$/Aq within the dynamical scenario which 
^ ■ implies the (quasi) spontaneous breaking of chiral symmetry. It is shown that, under appropriate 
conditions, the seemingly heavy and dynamically irrelevant fields $ 'return back' and there appear 
two additional generations of light $ - particles with small masses /i($) <C Aq. 

Also considered is the X - theory which is the Af = 2 SQCD with SU(N C ) colors and < 
^ Np < 2N C flavors of light quarks, broken down to Af = 1 by the large mass parameter of the 
^ ■ adjoint scalar field X, fix ^> A2. The tight interrelations between these X and $ - theories are 
CS) ■ described, in particular, the conditions under which they are equivalent. 
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1 Definitions and some generalities 

1.1. Direct <fr - theory 

The field content of this direct N = 1 $ - theory includes SU(N C ) gluons and < Np < 2N C 
flavors of quarks Qj,Qi. Besides, there is Np colorless but flavored fields ^ (fions). 

The Lagrangian at scales \i ^> Aq (or at /i ^> fin if Hh S> Aq, where \in is the next largest 
physical mass below /ii° le ($) 3> Aq, see the Appendix A; iV c = Np — N c , the exponents with 
gluons in the Kahler term K are implied here and everywhere below) looks as 

K = ^Ti(<S , <1>)+z(A q ,v)Ti(q , Q + (Q^Q)), W =- a( ^\ ) S + W " + W Q' ( L1 > 



Tr ($ 2 ) - =, (Tr $) , W Q = Tr Q{m Q - $)Q, 2q (A , /i) ~ (in JL J »1 



Here: /i$ and mg are the mass parameters, S = —W^W a '^/327i 2 where Wp is the gauge field 
strength, a = 1...N 2 — 1, (3 = 1,2, a(/i, Aq) = g 2 (/i, Aq)/47t is the gauge coupling with its scale 
factor Aq, / is the Yukawa coupling, a/ = N c f 2 /8iT 2 < 1. This normalization of fields is used 
everywhere below in the main text. Besides, the perturbative NSVZ /3-function for massless SUSY 
theories [U [2] is used in this paper. 

Therefore, finally, the $-theory we deal with has the parameters: N c ,0 < Np < 2N C , /!$, 
Aq, nig, f, with the strong hierarchies //$ 3> Aq ^> nig. Everywhere below in the text the mass 
parameter /!$ will be varied while irtq and Aq will stay intact. 



The Konishi anomalies [3] for the i-th flavor look as (i = 1 ... Np) 

<||f > = , (mgj> <Q 4 Q,) = (S) , (mgy = m Q - (*,) 



(<%) = I (Q.-Qi) - <^Tr (QQ) ] , (Q^) = ^(QA) , (1.2) 



and, in cases with \xn < Aq, (mg') is the value of the quark running mass at fi = Aq. 

At all scales until the field $ remains too heavy and non-dynamical, i.e. until its perturbative 
running mass /!^ crt (/i) > /i, it can be integrated out and the Lagrangian takes the form 

K = z q (A q ^)Tt(q^Q + Q^q), W = -—\-S + W Q , 

W Q = m Q Ti(QQ) -^-(r T (QQf _±(ttQq) 2 Y (1.3) 
The Konishi anomalies for the Lagrangian (1.3) look as 

(S) = (Qi^-) = m Q (QiQi) - — (^(jQiQjXQjQi) - tUqAXTt qq) 
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(QiQi) 



m Q 



i ,„ ^ 



(Tr QQ) 



Nf, (5> = <^>, (1-4) 



5<5i dQj 



m Q - — [ {Q& + QjQj) - ^-(Tr QQ) ) 



It is most easily seen from (1.4) that there are only two types of vacua: a) the vacua with the 
unbroken flavor symmetry, b) the vacua with the spontaneously broken flavor symmetry, and the 
breaking is of the type U(Np) — > U(n\) x U{n<i) only. In these vacua one obtains from (1.4) 



(QiQi + Q2Q2 



N. 



■Tr QQ) hl = m Q /i$, (S) 



br 



(QlQl)br(Q2Q2)br, (QlQl)br ^ (O^O^br , 



(™o i)br = m Q - ($!) 



br 



(Q2Q2) 



br 



1.2. Dual d$ - theory 



/™tot \ _ „ /flj \ _ (QlQl)br 
\ m Q,2/br — mQ — ;<P 2 /br - 



;i.5) 



In parallel with the direct $ - theory with N c < Np < 2N C , we consider also the Seiberg dual 
variant [U [5] (the d$ - theory) , with the dual Lagrangian at /i = Aq 



K = -^Tr $t$ + Tr (Vg + (? -)• g) ) + Tr 



Af+M 

2 ' 

^2 



w = - 



2tt 



«(// = A Q ) 



s + W M + W, 



q i 



Tr ($ 2 ) - =- (Tr $^ 



^Tr$) 2 + Tr M(m Q - $), W, = - — Tr(qMq) 



1.6) 



Here : the number of dual colors is N c = (Np — N c ) and are the N F elementary mion fields, 
a(fi) = N c a(fi)/2n = N c g 2 (/x) / '8tt 2 is the dual running gauge coupling (with its scale parameter 



A,), s = -w"pw 



' " T6,/3 /327r 2 , Wo is the dual gluon field strength. The gluino condensates of the direct 



and dual theories are matched, 



s) = (S) = Ay M , as well as (M^/x = Aq)) = (Q j Q l (fi = Aq)), 
and the scale parameter A q of the dual gauge coupling is taken as |A 9 | ~ Aq, see appendix in 
[7]. At 3/2 < Np/N c < 2 this dual theory can be taken as UV free at /x ^> Aq, and this 
requires that its Yukawa coupling at /x = Aq, /(/x = Aq) = ^2/^1, cannot be larger than its 
gauge coupling g(ji = Aq), i.e. /X2///1 = 0(1). The same requirement to the value of the Yukawa 
coupling follows from the conformal behavior of this theory at 3/2 < Np/N c < 2 and /x <C Aq, 
i.e. /(/x = Aq) ~ /* = 0(1). We consider below this dual theory at \i < Aq only, where it claims 
to be equivalent to the direct $ - theory. As was explained in [7J, one has to take /xi ~ Aq at 
bo/A^c = 0(1) in (1.6) to match the gluino condensates in the direct and dual theories. Therefore, 
[I2 ~ /ii ~ Aq also. 

Really, the fields $ remain always too heavy and dynamically irrelevant in this rf$ - theory, 
so that they can be integrated out once and forever and, finally, we write the Lagrangian of the 
dual theory at /x = Aq in the form 



K = Tr^Vg + (q — > q)j + Tr 



AftM 

A2 



w 



2tt 



a(/x = A Q ) 



s + W M + W. 
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W M = m Q TrM- 



2//$ 



Tr(M 2 ) - — (TrM) 2 



W q = -—Tl[qM<l 



;i-7) 



The Konishi anomalies for the i-th flavor look here as (i = 1 ... Np) 

(Ni) 



(MM(Nd = faq i OM = A Q )))=A Q (S) 



aq ^-yS {Mi -^ M) ^ {m ^- 



;i.s) 



In vacua with the broken flavor symmetry these can be rewritten as 

(Mi + M 2 - -^Tr M) br = m Q // $ , (S% r = — {M x ) hr {M 2 ) hx , {M x ) hx + (M 2 ) br . 



//$ 



(iVl)br 


(S)br 


(M 2 ) br 




1 




(Ml> te 


//$ 


= ™Q- 


//$ 


(iV 2 ) br 




(M!) br 




1 




(M 2 ) br 


//$ 


= mg - 


//$ 



/br 



m Q - -L((M 2 - ^TrM) br ) = (m^) 



br • 



1.9) 



Our purpose in this paper is to calculate the mass spectra in the two above theories, <fr and 
d$. At present, to calculate the mass spectra in M = 1 SQCD-like theories, one has to rely 
on a definite dynamical scenario. Two different scenarios have been considered in (6j [Tl [8] and 
the mass spectra were calculated in the standard direct M — 1 SQCD with the superpotential 
W = Tr ( QmqQ) and in its dual variant [HE]. It was shown that the direct theory and its Seiberg 
dual variant are not equivalent in both scenarios. In this paper we calculate the mass spectra in 
the $ and d<fr theories within the scenario #1. 

We recall, see [HI [7], that this scenario implies that, at the appropriate conditions, the quarks 
are not higgsed ( i.e. (Q) = (Q) = ) but form the coherent colorless diquark condensate (DC) 
and acquire the non-perturbative dynamical mass = (QQ), and there appear light pseudo- 
Goldstone bosons II (pions) with masses //(II) <C //q ■ 



2 Mass spectra at N F < N c - 1 

2.1. Unbroken flavor symmetry 

There is iV unbrok = (2N C — Np) such vacua and all quarks are higgsed in all of them, but the 
hierarchies in the mass spectrum are parametrically different depending on the value of //$ (see 
below). In any case, all N F fions are very heavy and dynamically irrelevant in these vacua at 
scales // < //5 >ole ($) (see the Appendix A) and can be integrated out from the beginning. 

All quarks are higgsed at the high scale // = // g i, Aq <C // g i <C //5 )olc ($), 

l il l = N c g 2 ( t i = ix gl )z Q (A Q ,^ l )(U), (II> = <gQ(// = A Q )), / = 4vr«, (2.1) 
where (in the approximation of leading logs, Cp = (N 2 — 1)/2N C ~ N c /2) 

-^-. bo lnM ZQ (A ,, 8l )~(^) 2CF/b °~(l n ^)" t/b "»l. bo = 3iV c -iV F .(2.2) 
a(//gi) Aq W/W V A q/ 



Hence, after integrating out all heavy higgsed gluons and their superpartners at /x < /i g \ one 
remains with the SU(N C — Np) pure Yang-Mills theory. Finally, after integrating out remained 
gluons at \i < Aym via the Veneziano-Yankielowicz (VY) procedure [9j [10] (see section 2 in [6] for 
more details), one obtains the Lagrangian of Np pions 

K = Zq(Aq, fi g i)2Tr VWli , W = -N c S + W n , (2.3) 



S 



A b 

detn 



W n = m Q Trn 



(n y > = 5„ (n> = s,j = a q )), i,j = i ... AV 

It follows from (2.3) that depending on the value of /i$/Ag ^> 1 there are two different regimes. 

i) At Aq <C //$ <C /i$, the term mQTr(<5<3) in the superpotential (2.3) gives only a small 
correction and one obtains 



2N C -N F 

<n> ~A Q (j^) » A 2. (2 . 4) 

There are (2iV c — Np) such vacua, this agrees with pi]. The masses of heavy gluons and 
their superpartners are given in (2.1) while from (2.3) the pion masses are 



2N C -N* 



MH) TT 2 ^- ,. A ° r (^| :*■-»„. (2.:,) 

Besides, the scale of the gluino condensate of SU (N c — Np) is 

1 N F 

t^b \ 3(iV c -iV F ) , \ 3(2JV C -AT F ) 

detory; ) ~ Aq ) ' /io(n) <<; AyM <<; Aq <<; MgI ' (2 - 6) 

and there is a large number of gluonia with the mass scale ~ Ay m (except for the case Np = N c — 1 
when the whole gauge group is higgsed and the non-perturbative superpotential in (2.3) originates 
from the instanton contribution). 

ii) (2iV c — Np) vacua split into two groups of vacua with parametrically different mass spectra 
at > /i$, . There are N c SQCD vacua with (n) SQCD ~ Aq (Aq /itiq) ( n o-n f )/n c differing by 
Z Nc phases (in these, the last term ~ n 2 //i$ in the superpotential (2.3) can be neglected), and 
(N c — Np) of nearly degenerate classical vacua with parametrically larger condensates (II) ^ ~ 
mQ/i$ (in these, the first non-perturbative quantum term ~ S in the superpotential (2.3) gives 
only small corrections with Zn c -n f phases, but the multiplicity of vacua originates just from these 
small corrections). The properties of SQCD vacua have been described in detail in chapter 2 of 



1 To see that there are just 2N C — Np vacua and not less, one has to separate slightly all quark masses, 



vriq , i = l...Np, < (SrriQyi = {m < Q — tUq) <C itiq. All quark mass terms give only small power 
corrections to (2.4), but just these corrections show the Z2n c -n f multiplicity of vacua. 
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[5J, the pion masses are /^sQCD(n) ~ mg/ zq(Aq, /j, g ® CD ) therein. In (N c — N F ) classical vacua the 
gluon and pion masses are given in (2.1) and (2.5) but now 

(n) c i ~ rnqHq, 3> Aq , /i cl (n) ,. mg ciw ( 2 - 7 ) 

and in all vacua (except for the case Np — N c — 1 ) there is a large number of gluonia with the 
mass scale 



A 



\ 3(N C -N F ) / \N F /3N C 

Aym = (S) 1/3 ~ ( -— ^ ~ Aq ^ in N c SQCD vacua , (2.8) 

det(n) SQ cD / \ Ac 



1 JVf 
^b \ 3(N C -N F ) / A 2 \ 3(JVc F ' 

AyM ~ I — ; — ] ~ An — — in (N c - N F ) classical vacua. z-y 

det(IT) cl J \m Q iJ,^ 

Finally, the change of regimes i -B- ii occurs at 



\ 2N C —Np / A \ iv c 

/i$,o\ m Q ^,o , . / A Q \ 

-— ~ — -2 >1 ->■ /^, ~Aq . (2.10) 

A Q / A Q \ mQ / 

2.2 Broken flavor symmetry: U(Np) — > U(ni) x U(n 2 ) 

The quark condensates (QjQi) ~ CAj split into two groups in these vacua with the sponta- 
neously broken flavor symmetry: there are 1 < n\ < [N F /2] equal values (IT!) = (QiQi) and 
n 2 = (Np — rii) > rii equal values (n 2 ) = (Q2Q2) 7^ (Q1Q1) (unless stated explicitly, here and 
everywhere below in the text it is implied that 1 — (ni/N c ), 1 — (n 2 /N c ) and (2N C — N F )/N C are 
all 0(1)). And there will be two different phases, depending on the value of /i$/Aq ^> 1 (see 
below) . 

2.2.1 At Aq /i$ /i$ jD all qualitative properties are similar to those for an unbroken 
symmetry. All quarks are higgsed at high scales /j, g \ t i ~ /x g i )2 Aq and the low energy Lagrangian 
has the form (2.3). The term rriQTr(QQ) in the superpotential in (2.3) gives only small corrections, 
while (1.5) can be rewritten here in the form 

(III + n 2 ) br = ^Tr (II} br + m Q /i $ ~ ^-(nxllt + n 2 U 2 ) hr (l - ^) (I^br ~ - (l - -^-) (n 2 ) 

/n\ ( a q \^ (ni) br (n 2 ) br 



br 1 



2N C -N P 



^1,1 ~ f4i,2 ~ 9 2 {^ = ^ g i)^Q(AQ,/i g i)(n li2 ) br , (ni) br ~ (n 2 ) br ~ A |(^ ) • ( 2 - 12 ) 

The pion masses in this regime look as follows, see (2.3) : a) due to the spontaneous breaking 
of the flavor symmetry, U(Np) — > U(n\) x U(n 2 ), there always will be 2riin 2 exactly massless 
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particles and in this case these are the hybrids n 12 and n 21 ; b) other n\ + n 2 'normal' pions have 
masses as in (2.5). 
There are 

ni = [N F /2] ni=[N F /2] _ ( 

« k = E ^WW= E (2iV c - iV F )C^ , 67^ = -^ (2.13) 

Til . 7l 2 . 

ni=l ni=l 

such vacua (the factor 2N C — N F originates from Z 2Nc _ Np (see the footnote 1) , for even N F the 
last term with m = N F /2 enters (2.13) with the additional factor 1/2, i.e. C N differ from the 

standard C^ p in (2.13) only by C^ = k 2k = Cjv^=2k/2 )> so that the total number of vacua H is 

N tot = (iV unbrok = 2N C - iV>) + iO , (2. 14) 

this agrees with |llj . 

2.2.2 The change of the regime in these vacua with broken symmetry occurs at /i$ i0 <C -C 
/i$ , see (2. 10), (2. 20), when all quarks are still higgsed but there appears a large hierarchy between 
the values of quark condensates at /i$ ^> /i$ )Q , see (1.5). Instead of (III) ~ (n 2 ), they look now as: 

a) brl - vacua 

(A T \ A JV C — no » n~L 

Pi = tt~^ — W*. » AJ, (H 2 ) brl ~ Aj 1 « (n x > tel .(2.15) 

iv c — ni y " yrnqpi/ 

Unlike the mainly quantum (IT) or mainly classical (n) c i vacua with unbroken symmetry, these 
vacua are pseudo-classical : the largest value of the condensate (Ili)bri ~ rriQH<$> is classical 
while the smaller value of (II 2 )bri ~ (S^bri/^Q is of quantum origin, see (1.5). There are 
iVbri(ni) = (N c — ni)C N such vacua at given values of n\ and n 2 . 

b) br2 - vacua. These are obtained from (2.15) by n\ <->■ n 2 and there are A^^i) = {N c —n 2 )C^ L F 
such vacua. Of course, the total number of vacua, A^rok^i) = ^ brl (ra 1 ) + N bl2 (ni) = {2N C — 
Np)C Np remains the same at /i$ ^ /x*, - 

We consider brl vacua (all results in br2 vacua can be obtained by n\ -B- n 2 ). In the range 
/i$,o <C /i$ <C (see below) where all quarks are higgsed finally, the masses of higgsed gluons 
look now as 

/4,i ~ ^ = / i «i,i)«Q( A Q>/ i gi,i)< n i) > ^1,2- (2-16) 

The superpotential in the low energy Lagrangian of pions loooks as in (2.3), but the Kahler term 
of pions is different. We write it in the form : K ~ zq(Aq, //gij)Tr\/llt[I z . The i\Tp x Np matrix 
IT of pions looks as follows. Its n 2 x n 2 part consists of fields £q(/%,i, A*gi,2)n 22 , where Zq 1 is 
the perturbative logarithmic renormalization factor of Q 2 , Q 2 quarks with unhiggsed colors which 
appears due to their additional RG evolution in the range of scales fi g \ i2 < \i < // g i,i, while at 
A* — A*gi,2 they are also higgsed. All other pion fields Iln, Ili 2 and n 2 i are normal. As a result, the 

2 By convention, we ignore the continuous multiplicity of vacua due to the spontaneous flavor symmetry 
breaking. Another way, one can separate slightly all quark masses (see the footnote 1), so that all Nambu-Goldstone 
bosons will acquire small masses 0(8mQ) <§C toq. 
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pion masses look as follows. 2nin 2 hybrid pions n 12 and n 21 are massless, while the masses of n\ 
rin and n\ H22 are 



m Q 



/^( n n) ~ i / A mQ „ — w /i(n 22 ) - 



> /i(nn 

Finally, the mass scale of gluonia from the unhiggsed SU (N c — N F ) group is ~ ^y*m j where 

(aK } ) 3 = (5) - (IIl)(n2) " l 



(2.17) 



/brl 



m Q (n 2 > ~ 



(2.18) 



2.2.3 At scales Aq <C /i < /J. g i,i ~ (111) 1 / 2 ~ (mQ^) 1 / 2 (ignoring logarithmic factors) the light 
degrees of freedom include the SU(N c — rii) gluons and active quarks Q 2 , Q 2 with unhiggsed colors 
and n 2 < (N c — rii) flavors, n\ pions Iln and 2nin 2 hybrid pions n 12 and IT 2 i (in essence, these 
are Q 2 , Q2 quarks with higgsed colors in this case). The scale factor A x of the gauge coupling in 
this lower energy theory is 



~ A§>/ det n n , b^ = 3{N C - m) - n 2 , b G = 3iV c - iV> . 



(2.19) 



The scale of the pole mass of Q 2 , Q 2 quarks is itiq o1c ~ uiq , while the scale of /x g i )2 is // g i ;2 ~ 
(Q 2 Q 2 ) 1 / 2 = (II 2 ) 1 / 2 , with (n 2 ) <C (IIi) given in (2.15). Hence, the hierarchy at //$ ;0 <C /i$ <C /i$ 
looks as m<g < Ai < ,u gli2 ~ (n 2 ) 1 / 2 and active Q 2 , Q 2 quarks are also higgsed, while at /i$ 3> /x$ 
the hierarchy looks as (Il 2 ) 1 / 2 < < mq and the active quarks Q 2 , Q 2 become too heavy and 
are in the HQ 2 (heavy quark) phase. The phase changes at 



(IT,) 1 / 2 ~ m Q ~ (Ai) 



A( brl ) v ~ A 
A YM ->■ A** ~ A £ 



Aq 



bp— ni 
"1 



(2.20) 



Hence, we consider now this Higgs\ — HQ 2 phase realized at //$ > /t$. For this it is convenient 
to retain all fields $ although, in essence, they are too heavy and dynamically irrelevant. After 
integrating out all heavy higgsed gluons and Qi,Qi quarks, we write the Lagrangian at /z 2 = 
A*gi,i ~ N c9 2 {n = // g i,i)2Q(AQ,// g i j i)(IIi) in the form (see the Appendix A) 



K 



+ z Q (A Q , /i 2 l5l ) (k u + K Q2 ) 



(2.21) 



K Q2 = Tt(q\Q 2 + (Q 2 -> Q 2 )) , K n = 21^1^ + K hybr , 



A'hybr = Tr I n 



12 



\/ n n nt n 



n i2 + n 21 



n^nn 



=n 



21 ) 



w 



2tt 



a(/i gM 



+ 



Tr($ 2 )-^(Tr$) 2 + Tr (Q 2 mgQ 2 ) + W u , 
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W n = Tr(m Q n n + mg n 21 ^-iT 12 ) - Tt^n^u + $i 2 n 21 + $ 21 II 12 ) , mjg = (m Q - $ 22 ). 

In (2.21): Q 2 , Q 2 and V are the active Q 2 , Q2 guarks and gluons with unhiggsed colors (S is their 
field strength squared), Il 12 , Il 21 are the hybrid pions (in essence, these are the Q 2 , Q2 guarks with 
higgsed colors), zq (Aq , /J 2 -^) is the corresponding perturbative logarithmic renormalization factor 
of massless quarks, see (2.2). Evolving now down in the scale and integrating Q 2 , Q 2 quarks as 
heavy ones at fi < ^q° 1g and then unhiggsed gluons at \x < Ay^ one obtains the Lagrangian of 
pions and fions 



K 



f 



; Tr(^^)+z Q (A Q ,^ lil )K u 



(2.22) 



W=(N c - ni )S+f^ 



Tr($ 2 ) - i(Tr$ 



S 



A Q ° det mgj 



detn 
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We start with determining the masses of hybrids Il 12 , Il 21 and $i 2 , $21- They are mixed and 
their kinetic and mass terms look as 



K hyhr = Tr 



^12012 + 021021 + 7Tl2 7r 12 + Al^l 



(2.23) 



Whybr = Tr ^7710012021 + m^u^l ~ 777^(012^21 + 02l7Ti 2 )) 



,2 m Q ~ $ 2 <IIi> VTiQ 

rricfr = J Z 1 *' m K = = < m <t> > Z Q = 2 q(Aq, A*gi,i) , 



/ 2 (ni) y/s 



2 Q 



I , 777^ = 777^777,, 



(2.24) 



Hence, the scalar potential looks as 



V s = \m\ 2 \m[ 2 ] \ 2 + 0|^£ ; | 2 + (12 -)• 21), |m| = (K| + |m w |) 



,(+)|2 



(2.25) 



^ = (c012 - S7Ti 2 ), = (c7Ti2 + S. 



'12 



/W\ 1/2 

V \m\ J 



777 J \ x /2 



m 



Therefore, the fields \E f [ 2 ' ) and J are heavy, with the masses \m\ ~ \fn^\, while the fields ^i 2 
and ^ are massless. But the mixing is really parametrically small, so that the heavy fields are 
mainly 0i 2 , 2 i while the massless ones are mainly 7Ti 2 , 7T21. El 
And finally from (2.22), the pole mass of pions rin is 



,(-) 



(+) 



MIT 



11/ 



(Hi) 



m Q 



^Q(AQ,/i g i,i)/i$ ZQ(Aq,n g i t i) 



(2.26) 



Everywhere below in the text we neglect mixing when it is small. 
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On the whole for this Higgsi — HQ 2 phase the mass spectrum looks as follows at /x$ 3> /i$ . a) 
The heaviest are n\(2N c — n\) massive gluons and the same number of their scalar superpartners 
with the masses /i g i,i, see (2.16), these masses originate from the higgsing of Qi,Qi quarks, b) 
There is a large number of 22-flavored hadrons made of weakly interacting and weakly confined 
non-relativistic Q 2 , Q 2 quarks with unhiggsed colors (the string tension is y/a ~ A-ym ^ m Q°2 C ' 
see (2.18)), the scale of their masses is mQ° 2 e ~ rriQ/[zQ(AQ, ^,1)^0(^1,1, wiQ° 2 e )], where zq 3> 1 
and z'q ^ 1 are the corresponding massless perturbative logarithmic renormalization factors, c) 
There are n\ pions Iln with the masses (2.26), //(nn) < rngf. d) There is a large number of 

gluonia made of gluons with unhiggsed colors, the scale of their masses is ~ Ay^, see (2.18). e) 
The hybrids ni2,n2i are massless. 

All Np fions &ij remain too heavy and dynamically irrelevant (see the footnote 3), their pole 
masses are /i^ ole ($) ~ / 2 /i$ 3> /t g i,i- 

3 Quark condensates and multiplicity of vacua 

at N c < N F < 2N C 

To obtain the numerical values of the quark condensates (QjQi) = o~ij(QQ)i at Np > N c (but 
only for this purpose), the simplest way is to use the known exact form of the non-perturbative con- 
tribution to the superpotential in the standard SQCD with the quark superpotential rnqTr^QQ) 
and without the fions $. It seems clear that at sufficiently large values of /t$ among the vacua of 
the <3>-theory there should be N c vacua of SQCD in which, definitely, all fions $ are too heavy and 
dynamically irrelevant. Therefore, they all can be integrated out and the exact superpotential can 
be written as (ny = QjQi(fi = Aq), uiq = mg(/t = Aq), /t$ = /i$(/t = Aq), see Section 1 above 
and Sections 3 and 7 in [6]) 

(3.1) 

Indeed, at sufficiently large //$, there are N c vacuum solutions in (3.1) with the unbroken 
SU(Np) flavor symmetry. In these, the last term in (3.1) gives a small correction only and can 
be neglected and one obtains 

(^)sqcd - ^( A ?2 CD) ) 3 = 5 ^{ A Q m Q F ) 1/NC ■ ( 3 - 2 ) 

Now, using the holomorphic dependence of the exact superpotential on the chiral fields {QjQi) 
and the chiral parameters tuq and //$, the exact form (3.1) can be used to find the values of the 
quark condensates {QjQi) in all other vacua of the $ - theory and at all other values of /t$ > Aq. 
It is worth recalling only that, in general, as in the standard SQCD [6j [7J [8j: a) (3.1) is not the 
superpotential of the genuine low energy Lagrangian describing lightest particles, it determines 
only the values of the vacuum condensates (QjQi), b) and therefore, the notations in (3.1) do not 
imply literally that quarks are higgsed or form the diquark condensates, n^ in (3.1) only have to 
be understood as convenient abbreviations for {QjQi). (The genuine low energy Lagrangians in 
different vacua will be obtained below in sections 5-10, both in the direct and dual theories). 

3.1 Vacua with the unbroken flavor symmetry U{Np). One obtains from (3.1) that 
at Aq <C /i<j. /t$ |Q there are two groups of such vacua with parametrically different values of 
condensates, (QjQi) L = 5 ij (QQ) L and (QjQi) s = $ij{QQ)s- 
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W 



V A^° 



l/Nc 1 

+ mQTr n — 



2/i$ 



Tr(n 2 



N, 



Cnnr 



a) There are (2N C — N F ) L - vacua (see also the footnote 1) with 



A 



(QQ(jm = Aq)) l = (U L ) ~ AM ^ 



«A|. 



(3.3) 



In these L (large) quantum vacua, the second term in the superpotential (3.1) gives numerically 
only a small correction. 

b) There are (N F — N c ) classical S - vacua with 



— N c 
(QQ(fj, = Aq)) s = (n s ) ~ -j^m Q ^ 



(3.4) 



In these S (small) vacua, the first non-perturbative term in the superpotential (3.1) gives only 
small corrections with Z Np _ Nc phases, but just these corrections determine the multiplicity of 
these (N F — N c ) nearly degenerate vacua. On the whole, there are 



AU brok = (2iV c - N F ) + (N F - N c ) = N c 
vacua with the unbroken flavor symmetry at N c < N F < 2N C . 



(3.5) 



One obtains from (3.1) that at [/,§ ^> //$ )0 the above (2iV c — N F ) L - vacua and (N F — N c ) S 
vacua degenerate into N c SQCD vacua (3.2). 

The value of is determined from the matching 



(n>i 



2N C -N F 



{U) s rsj mQ/i $)0 



(n)sQCD ~ a q(^) 



. 2N C -N F 

^^,o~A Q (^) Nc »Aq- (3.6) 

3.2 Vacua with the broken flavor symmetry U(N F ) — > U{n\) x £/(n 2 ), n\ < [N F /2]. In 
these, there are n\ equal condensates (<5iQi(a* = ^q)) = (Hi) and n 2 > n\ equal condensates 
(<5 2 Q2(At = Aq)) = (n 2 ) 7^ (III). The simplest way to find the values of quark condensates in 
these vacua is to use (1.5). We rewrite it here for convenience 

(ni + n 2 - -L™> bI = me ,» , (S)br = im ' = . ,3. 7) 

iV c V Aq ' /i$ 

Besides, the multiplicity of vacua will be shown below at given values of n-y and n 2 > n\. 
3.2.1 The region Aq <C //$ <C /x$ j0 . 

a) At n 2 ^ JV C , including rai = n 2 = N F /2 for even A 7 "^ but excluding n,2 = N c , there are 
(2A r c — N f )Cn L f L " ^P e vacua with the parametric behavior of condensates (see the footnote 1) 



2N C -N F 



:i-^)0i.> u = ! -(i-^)<n.> u ~Ai^| , (3.8) 
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i.e. as in the L - vacua above but (ni) L t 7^ (n 2 )Lt here. 

b) At n 2 > N c there are (n 2 — N C )C^ br2 - vacua with, see (3.7), 



(n 2 }br2~mg/i$, (ni)br2 ~ Aq(t-) (-7—) , TpTT I ) <1- (3-9) 

c) At ni = N c , n 2 = N c there are (2A C — N F ) ■ C^-~ Nc 'special' vacua with, see (3.7), 

/ \ /TT \ A 2 f^Q\ 2N "~ N F (ni) S pec / H<S> \ 2N?-N F , . 

■(W. (n 2 )spec ~ Agf — ) , — — [- j < 1(3.10) 



(Hi) 



spec 



2N C -N F - \ //* 
On the whole, there are (0(2) is the step function) 

A brok (m) = [(2A C - A F ) + 6{n 2 - A c )(n 2 - A c ) 



C 



m 

N F 



(3.11) 



(A c -A c )+0(A c -n 1 )(A c -n 1 ) 



C 



N F > 



-^7?ii=k 



differ from the standard C^ 1 only by C^ =2k = CjvF=2k/2; see (2-13) ) vacua with the 
broken flavor symmetry U(N F ) — > tJ{n\) x U(n 2 ), this agrees with [TT] . 

3.2.2 The region //$ 3> /x$, - 

a) At all values of n 2 5s A c , including ni = n 2 = N F /2 at even N F and the 'special' vacua 
with n\ = N c , n 2 = N c , there are (A c — ni)C^ brl - vacua with, see (3.7), 



A l A c — 2 /TT 

. Q \ JVc-ni / Aq \ iVc-nj (H 2 



(n 2 )brl {H>$,o\N, 



brl 



< 1.(3.12) 



b) At n 2 < A c , including ni = n 2 = N F /2, there are also (N c — n 2 )C^ F = (N c — n 2 )C^ F br2 
vacua with, see (3.7), 

A ri2 A N c — n 1 ijj \ N c 

n 2 ) br2 ~m Q ^0, (ni)br2 ~ Aq( — ) , Tprr — ) < 1. 3.13 



VrngV ' (n 2 )br2 

On the whole, there are 

A brok (m) = [(A c - m) + fl(A c - n 2 )(A c - n 2 ) 



(3.14) 



(A c - N c ) + #(A C - ni )(N c - m)J C£ 

vacua. As it should be, the number of vacua at /i$ ^ /i$ j0 is the same. 

As one can see from the above, all quark condensates become parametrically the same at 
u<j, ~ /i$, - Clearly, this region ~ u$ iQ is very special and most of the quark condensates 
change their parametric behavior and hierarchies at /j,$> ^ /^>, - For example, the br2 - vacua with 
n 2 < A c , (Il 2 ) ~ rriQfiq, ^> (III) at S> "$,0 evolve into the L - type vacua with (Il 2 ) ~ (III) ~ 
A^(A Q /fj,^) N ^ 2Na - N ^ at (is < /x$ >0 , while the br2 - vacua with n 2 > N c , (IT 2 ) ~ ra Q u$ > (III) 
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at /x$ <C /x$ )Q evolve into the brl - vacua with (IIi) ~ rriQfi><3> 3> (n 2 ) at /i$ ^> /i$ )Q , etc. 
The exception is the special vacua with m = N c , n 2 = N c . In these, the parametric behav- 
ior (IIi) ~ m Ql^s>, (n 2 ) ~ Aq(Aq/ h$) Nc /( 2Nc ~ Nf ^ remains the same but the hierarchy is reversed 

at I* $ /x*, : (ni)/(n 2 ) ~ (^/^, ) Nc/{2Nc - Nf) - 

The total number of all vacua at N c < Np < 2N C is 

Wf/2] N c 

N tot = (iVunbrok = iVc) + (iVbrok = ^ Wbrbkfal)) = ^(iV c - k)C* p , (3.15) 

ni=l fc=0 

this agrees with [11] . 

Comparing this with the number of vacua (2. 13), (2. 14) at Np < N c it is seen that, for both 
A^unbrok and N^°l k separately, the multiplicities of vacua at Np < N c and Np > N c are not analytic 
continuations of each other. 

The analog of (3.1) in the dual theory with |A 9 | = Aq, see (1.7), is obtained by the replacement 
IT = QQ(n = Aq) -> M(/i = Aq), so that (M(/i = Aq)) = (QQ(n = Aq)) in all vacua and 
multiplicities of vacua are the same. 



4 Fions: one or three generations 

At N c < N F < 2N C and in the interval of scales < /i < Aq ( fi H is the largest physical 
mass in the quark-gluon sector), the quark and gluon fields are effectively massless. Because the 
quark renormalization factor zq(Aq, fi <C Aq) = (/i/Aq) 7 Q >0 <C 1 decreases in this case in a power 
fashion with lowering energy due to the perturbative RG evolution, it is seen from (1.3) that the 
role of the 4-quark term {QQ) 2 /fi<s> increases with lowering energy. Hence, while it is irrelevant 
at the scale \i ~ Aq because /i$ ^> Aq, the question is whether it becomes dynamically relevant 
in the range of energies fin <C fi <C Aq. For this, we estimate the scale \i Q where it becomes 
relevant in the massless theory (see section 7 in [6] for the perturbative strong coupling regime at 
N c < Np < 3NJ2 ) 

I = 1^(^Q) 2jq ^i ^ /Mt^F^ (41) 

/i$ Z Q (A Q ,fl ) //$V/i / Aq V/i$/ 



conf 

7q 



. conf 
H'o 

An 



A x F 
Aq\ 3(2N c -N f ) 



strong 



2N C -N F fi\ 



strong 



= > 

N r 



Ac 



A N ™E 

A Q\ (5N C -3N F ) 



Hence, if \in <C /x , then at scales \i < fi Q the four-quark terms in the superpotential (1.3) 
cannot be neglected any more and we have to account for them. For this, we have to reinstate the 
fion fields $ and to use the Lagrangian (1.1) in which the Kahler term at \xn < fi <C Aq looks as 



K 



P 



Tr($t$) + ZQ(AQ, / i)Tr(Qtg + (Q^g))] ) Zq (A q ^) = (^) 7Q « 1. (4.2) 



4 But we disagree with their 'derivation' in section 4.3. There is no their A/2 vacua with (Ma) {q^i) /Aq = (S) = 
0, i = 1, ...Np (no summation over i) in the dual theory at wiq 7^ 0. In all -/V to t vacua in both direct and dual 
theories: (det M/K^) 1 ^" = (det QQ/Aq ) 1 ^" = (S) ^ at m Q ^ (see sections 5-10 below and the Appendix 
B). Really, the superpotential (4.48) contains all JV t ot = N\ + A2 vacua. 
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We recall that even at those scales \i that the running perturbative mass of fions yU and 

so they are too heavy and dynamically irrelevant, the quarks and gluons remain effectively massless 
and active. Therefore, due to the Yukawa interactions of fions with quarks, the loops of still active 
light quarks (and gluons interacting with quarks) still induce the running renormalization factor 
z$(Aq, /i) of fions at all those scales where quarks are effectively massless, /i > But, in contrast 
with a very slow logarithmic RG evolution at Np < N c in section 2, the perturbative running 
mass of fions decreases now at iV c < Np < 2N C and fi < Aq monotonically and very quickly 
with diminishing scale (see below), yU$(/i <C Aq) = f 2 z$(AQ, /i) ~ /^(/i/Ag)' 7 *^ 1 <C 
Nevertheless, until /i$(/i) 3> fi, the fields $ remain heavy and do not influence the RG evolution. 
But, when fin "C f^o and fi<s>(fi) ~ yU$/z$(Ag, /i) is the main contribution to the fion mass , the 
quickly decreasing mass /i$(/i) becomes /J^ 1 ' 

; ($) = ^(p = /iP° le ($)) and //*(// < /if le ($)) < fi, 
so that: 1) there is a pole in the fion propagator at p — /i2° le ($), this is a second generation 
of fions (the first one is at /i^ ole ($) ^> Aq, see Appendix A) ; 2) the fields $ become effectively 
massless at p < fi^i^) an d begin to influence the perturbative RG evolution. In other words, the 
seemingly 'heavy' fields $ return back, they become effectively massless and dynamically relevant. 
Here and below the terms 'relevant' and 'irrelevant' (at a given scale fi) will be used in the sense 
of whether the running mass ~ /x$/z$(Aq, ji <C Aq) of fions at a given scale // is < \i, so that they 
are effectively massless and participate actively in interactions at this scale , or they remain too 
heavy with the running mass > fi whose interactions at this scale give only small corrections. 

It seems clear that the physical reason why the 4-quark terms in the superpotential (1.3) become 
relevant at scales fi < fi is that the fion field $ which was too heavy and so dynamically irrelevant 
at fi > Ho, /i$(/i > /i D ) > \i , becomes effectively massless at fi < fi Q , /i$(yU < fi Q ) < fi , and begins 
to participate actively in the RG evolution, i.e. it becomes relevant. In other words, the four quark 
term in (1.3) 'remembers' about fions and signals about the scale below which the fions become 
effectively massless, fi Q = fi2° le {&). This allows us to find the value of z$(Aq, /i g ), 



The perturbative running mass /i$(/i) ~ fi<$>/ z<$,(Aq, fi <C Aq) <C p§ of fions continues to 
decrease strongly with diminishing fi at all scales fin < fi < Aq until quarks remain effectively 
massless, and becomes frozen only at scales below the quark physical mass, when the heavy quarks 
decouple. 

Hence, if fin ^ f-o > there is no pole in the fion propagator at the momenta p < Aq because 
the running fion mass is too large in this range of scales, fiq>(p > fi ) > P- The fions remain 
dynamically irrelevant in this case at all momenta p < Aq. 

But when fi H <C fi , there will be not only the second generation of fions at p = /i2° lc ($) = fi 
but also a third generation at p fi . Indeed, after the heavy quarks decouple at momenta 
p < hh "C fi and the renormalization factor z<s>(Aq, fi) of fions becomes frozen, z$(Aq, fi < fin) ~ 
z$(Aq, fi ~ fin), the frozen value fi$(fi < fin) of the running fion mass is now /i$(/i ~ fin) <C pu = 
fin- Hence, there is one more pole in the fion propagator at p = /i| ole ($) ~ fi<&(fi ~ fin) "C |Ujj. 

On the whole, in a few words for the direct theory (see the footnote 5 for reservations). 

a) The fions remain dynamically irrelevant and there are no poles in the fion propagator at 
momenta p < Aq if fi H 3> fi Q . 

b) If fi H <C p Aq, there are two poles in the fion propagator at momenta p <C Aq, /i2° le ($) ~ 
/i and /i3 0le ($) ~ fi$>/ z<s>(Aq, fin) <C /i2° le ($) (here and everywhere below in similar cases, - up 

5 the cases when the additional contributions to the masses of fions from other perturbative or non-perturbative 
terms in the superpotential are not small in comparison with ~ /x$/z$(Aq, fi) have to be considered separately 




(4.3) 
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to corrections due to possible nonzero decay widths of fions). In other words, the fions appear 
in three generations in this case (we recall that there is always the largest pole mass of fions 
/ij >ole ($) ^> Aq, see the appendix A). Hence, the fions are effectively massless and dynamically 
relevant in the range of scales /if le ($) < p. < /4° le ($). 

Moreover, once the fions become effectively massless and dynamically relevant with respect to 
internal interactions, they begin to contribute simultaneously to the external anomalies ( the 't 
Hooft triangles in the external background fields). 

The case pu ~ p requires additional information. The reason is that at scales fi < in 
addition to the canonical kinetic term $^,p 2 $^ (R=renormalized) of fions, there are also terms 
~ & R p 2 (p 2 / '/i#) fc $ r with higher powers of momenta induced by loops of heavy quarks (and gluons). 
If fin *C p , then the pole in the fion propagator at p = /i2° lc ($) = /i is definitely there and, be- 
cause /x$(/i = Hh) <S Phi these additional terms are irrelevant in the region p ~ = Hh) *C Ph 
and the pole in the fion propagator at p = fi^ ole (^>) = /z$(/i = pn) "C Ph is also guaranteed. But 
P<s>{p ~ Ph) ~ Ph if Ph ~ Po, and these additional terms become relevant. Hence, whether there 
is pole in the fion propagator in this case or not depends on all these terms. 

Now, if fin < fi so that the fions become relevant at p < fi , the question is: what are 
the values of the quark and fion anomalous dimensions, 7q and 7$, in the massless perturbative 
regime at fin < p < yW ? To answer this question, we use the approach used in [5] (see section 7). 
For this, we introduce first the corresponding massless Seiberg dual theory [5] . Our direct theory 
includes at hh < /x < p c ° nl not only the original effectively massless in this range of scales quark 
and gluon fields, but also the active Np fion fields as they became now also effectively massless, 
so that the effective superpotential becomes nonzero and includes the Yukawa term Tr($QQ). 
Then, the massless dual theory with the same 't Hooft triangles includes only the massless qual 
quarks q, q with N F flavors and the dual SU(N C = N F — N c ) gluons. Further, one equates two 
NSVZ f3 ext - functions of the external baryon and SU(N F ) L ^ R - flavor vector fields in the direct 
and dual theories, 

2 " ^ = -^^ = 5^^(1 + 7,), (4.4) 



d In /1 a ex t a 



ext 



where the sum runs over all fields which are effectively massless at scales /i^ < /i < the unity in 
the brackets is due to one-loop contributions while the anomalous dimensions 7^ of fields represent 
all higher-loop effects. It is worth noting that these general NSVZ forms (4.4) of the external 
'flavored' /3-functions are independent of the kind of massless perturbative regime of the internal 
gauge theory, i.e. whether it is conformal, or the strong coupling or the IR free one. 

The effectively massless particles in the direct theory here are the original quarks Q, Q and 
gluons and, in addition, the fions while in the dual theory these are the dual quarks q, q and 
dual gluons only. For the baryon currents one obtains 

N F N C [B Q = lj (l + lQ ) = N F N c (B q = =^) (1+7,), (4.5) 

while for the SU(Np) flavor currents one obtains 

N c (1 + 7q ) + N F (1 + 7$ ) = AT C (1 + lq ) . (4.6) 

Here, the left-hand sides are from the direct theory while the right-hand sides are from the dual 
one, 7q and 7$ are the anomalous dimensions of the quark Q and fion $ , while 7 g is the anomalous 
dimension of the dual quark q. 
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The massless dual theory is in the conformal regime at 3N c /2 < Np < 2N C , so that 7™ nf = 
b /N F = (3N C - Np) /Np. Therefore, one obtains from (4.5), (4.6) that 7 Q onf = b /N F = {3N C - 
Np)/Np and 7$ onf = — 2jq, i.e. while only the quark-gluon sector of the direct theory behaves 
conformally at scales fi c ° ni < fi < Aq where the fion fields $ remain heavy and irrelevant, the 
whole theory including the fields $ becomes conformal at scales /x# < /x < [J> c oni where fions 
become effectively massless and relevant. 

In the region N c < Np < 3N c /2 where the massless direct theory is in the strong coupling 
regime a(/x <C Aq) 3> 1 (see section 7 in [6]), the massless dual theory is in the IR free logarithmic 
regime. Hence, j q is logarithmically small at /x <C /if rong <C Aq, 7 g — > 0, see (4.1), and one obtains 
from (4.5), (4.6) in this case the values of 7Q trong (x^ < fi < /if ong < Aq) and -ff ong (fx H < fi < 
yU f on s«AQ) 

strong _ 2A^ C — Np strong _ /-, . strongs _ N c 

~ '7$ - U+7Q ) ~ =T ■ 

Therefore (within this approach, and in the absence of any other known way to obtain the 
values of 7Q trong and 7$ trong in the strong coupling regime), the quark anomalous dimension is 
7Q trong = (2N C — Np)/N c in the whole range /x# < /x < Aq, while the fion anomalous dimen- 
sion 7^ trong changes when it becomes relevant, 7$ trong = — 27g trong at fif rong < /i < Aq and 

^trong = _ (1 + ^trong) ^ ^ < ^ < ^trong^ 



In the rest of this paper the mass spectra of the direct and dual theories will be considered 
within the conformal window 3N c /2 < Np < 2N C only. 



5 Direct theory. Unbroken flavor symmetry 

As in the standard Af = 1 SQCD with the superpotential W = rriQTr(QQ), the results for the 
mass spectrum at Np > N c of the theory with the Lagrangian (1.2) depend essentially on the used 
dynamical scenario. Two different scenarios #1 [6], [7] and #2 j8] have been considered previously. 
In this paper the mass spectra of the theory (1.2) will be calculated within the scenario #1. 

We recall that this scenario implies that when the scale of the quark condensate is in the range 
m V Q Xe < \ic — \(QQ(fi = Aq))! 1 / 2 < Aq (and nothing prevents), the quarks are not higgsed but 
form the coherent colorless diquark condensate (DC) and acquire the dynamical mass /xc, and 
there appear light pseudo-Goldstone bosons II (pions) with masses /x(n) <C /xc, see [El [7]. 



5.1 L - vacua 



In these (2N C — Np) vacua at Aq <C /x$ <C /x$ >0 , we compare first the possible constituent and 
pole quark masses. As for the constituent mass, it looks as, see (3.3), 



(/i^) 2 = (U) L = (QQ^ = A Q )) L ^A 2 Q ^ ] j ' «A Q , AQ«^«/i $i0 . (5.1) 



2N C -N F 



6 This does not mean that nothing changes at all after the fion field $ begins to participate actively in the 
perturbative RG evolution at fin < fJ. < M Q ■ l n particular, the frozen fixed point values of the gauge and Yukawa 
couplings a* and a*j will change, and various appropriate Green functions will change their behavior, etc. 
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In vacua with unbroken flavor symmetry all quark masses are equal, see (1.2), 

K ot ) = K ot )(/i = Aq) = m Q + ^(11), (n> = (QM^ = Aq)} . (5.2) 
Then, the quark pole mass looks as 

pole _ Kf ) „ fK .. _ A N _ ( V> \^=( b °/^) 



™ P Q = ' " pole, - *q(Aq, A* « Ag) = ( f- ) « 1 • (5.3) 

Now, in L- vacua with (n)x , see (5.2), 

KT)l (II) L /A Q X^% mgg _ / (mff) L >^ 

Aq Aq//$ Kfl^J Aq \ Aq 



a N F pole . b 

[A Q \ 3(2N C -N F ) (L) m Q,L f A Q\ S{2N C -N F ) , < 

~ ( — ) ~A yM , __~f_l <1. (5.4) 

Therefore, all quarks are in the DC (diquark condensate) phase. We check now whether the 
fions will be relevant in these L- vacua. For this, we have to compare ^ oni in (4.1) with [i^p in 
(5.1), 



f'o 



conf / 



\U<b / 



Therefore, the fion fields remain dynamically irrelevant in these L- vacua, they can be integrated 
out and, at [i < Aq, we can start directly with the Lagrangian (1.3). Proceeding now as in section 
3 of [6], i.e. integrating out first the heaviest constituent quarks at jj < /Iq and then gluons at 
ji < Aylj, one obtains the Lagrangian of Np pions, 



k = Tr v / ntn , W — —N 



^ /detn 




A Q ° / " 2^ 



Tr (n 2 ) - — (Trn) 2 



(5.6) 



The term with uiq in (5.6) can be neglected in these L- vacua at Aq <C //$ <C £t$, , and one obtains 
for the pion masses 

M n)~ <Hk^A Q (M^, /^^/Aqn^iv) <<1 

On the whole, the mass spectrum in these (2N C — Np) L-vacua with the unbroken flavor 
symmetry looks as follows at Aq <C //$ <C /^,o- 

a) There is a large number of heaviest flavored hadrons made of non-relativistic and weakly 
confined (the string tension is \fa ~ Ay M <C ) constituent quarks with the masses imq = 
(QQ)T (5-1). 

b) There is a large number of gluonia with the mass scale ~ Ay^ = (S) 1 / 3 <C [Iq (5.4). 

c) The lightest are Np pions with the masses in (5.7). The fions are dynamically irrelevant 
in these vacua. 
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The term with tuq cannot be neglected any more in (5.6) at > fi$ and all condensates 
and masses evolve to those in the standard SQCD, see section 3 in [6]. 

5.2 S - vacua 

In these (Np — N c ) vacua at Aq /x^ /i$, , the possible constituent and pole quark masses 
look as, see (1.2), (3. 4), 

^ 5) ) 2 = (n)^^(m Q/ i $ ), (5.8) 
Kf>s (S)s f(U) s \ N ^ fm Q ^\N c /N c 



m Q 



A Q A q (U) s V A Q J \ Aq J 

P° le .. . ™P° le 



5 f m Q ^ \N F /3N c m QS / mg^ \ bo/6iVc 



(5.9) 

(S, conf ) 



> 



Therefore, all quarks are in the DC-phase also. But the analog of (5.5) looks now as 

,,conf .A \ 1/2 / A \ 6N c~ N F 

^ / A QV / Z ( A Q\6{2N C -N F ) 

Hence, in these S-vacua, there appear two additional generations of fions at Aq <C < /i^ 

. 3(2Af e -iV F ) 

(S.conf) . f A Q\ 6JV c -iV F (S.conf) „ /r 1n \ 

/4' =A Q , A Q </4,' (5.10) 

while the fions remain too heavy and dynamically irrelevant at /ijf' ° onf < /!$ < yU$, - 

The conformal regime continues here down to the scale fin, where hh is the largest physical 
mass in the quark-gluon sector and here it is = /% ~ (mQ^s>) 1 ^ 2 ■ The RG evolution of the 
quark and fion fields becomes frozen at scales < /j, c because the heavy constituent quarks 
decouple. Proceeding as in [B] (see section 3), i.e. integrating out first constituent quarks as heavy 

( S) ( S) 

ones at /i < [i c and then gluons at /i < Ay If, one obtains the Lagrangian of the fion and pion 
fields 0, 



iT = TrvTim + 4 S) (AQ, / i^)Tr(<|.t$), ^(Aq, /*) ~ » i , ( 5 .n) 



Tr($ 2 ) - ifTr$ V 



+ Tr (m Q - $)n , S 



detn 



A^° 



The non-perturbative term with the determinant in (5.11) can be neglected in these S-vacua 
with (11)5 ~ rriQfiq, at Aq <C /i$, , and one obtains for the masses of $ and II (see the footnote 3) 



^( $ )~l5)7T (sv> Mn)~m Q , -^~(^_ _) • (5.12) 



6iV e -iV F 
2JV S 



7 from now on we omit the constant / = O(l) for simplicity 
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Another way, because /is($) ^> 7/5 (II), one can integrate out first in (5.11) the heavier fields 
$ at scales /x < /xs($) and obtains 



K u = Tt VWU 



Wn 



-N r S 



Tr(n 2 )-^(Trn 



+ rriQTr U . 



(5.13) 



Neglecting the term ~ S with the determinant in these S-vacua, one obtains from (5.13) that the 
pion mass is /xs(II) ~ tuq. 

We discuss now in more detail the fion masses in these S-vacua. 

i) At /i$ > /ijf'™ 11 ^ the running mass /x$(/x) = /j,$/z$(Aq, /x) of fions remains larger than 

(S) (S) 

the scale /x in the whole range y c < /x < Aq, until it becomes frozen at lower scales /x < /j c 
at its value n^/z^ (Aq,[i c ) > /x^ . Hence, there are no poles in the propagators of fions at all 
momenta p < Aq <C /x5 >ole ($) and the 'mass' /xs($) in (5.12) is not the observable pole mass but 
simply the limiting value of the mass term in the fion propagator at low momenta. 



ii) The situation is qualitatively different at Aq < /x$ < /x$ 



(5, conf ) 



The running mass of fions 



/x$(/x) is /x$(/x) > /x at /x > /io° nf but it becomes /x$(/x) < /x at /1 < /x£ onf . Therefore, t/iere is a 
second pole in the fion propagator at p = y c ° ni ( the first pole is at y\ olc (§) ~ /x$ ^> Aq, see the 

Appendix A). Moreover, because the frozen value /x$(/x = y c ) of /x$(/x) is /x$(/x = ) < /x^ , 
t/iere zs a £/w'rd po/e m £/ie /ion propagator at p = /i<j>(/x = He ) < ■ Therefore, there are now 
three generations of fions at Aq < /i$ < /i^' conf ^ with three different observable pole masses. In 
addition to the first universal generation with the very large pole mass /x5 >ole ( ( I ) ) ^> Aq, there are 
in this case two additional generations with parametrically smaller pole masses 



/xr ie ($) 



, , conf 



A, 



/Aq\ 3(2 
V/X$ / 



-"" > /#> 



(5.14) 



3iVc bp 

= „ S (*) ~ A«(^) (^) "* < flg> < « Aq . 

On the whole, the mass spectrum looks in these S-vacua as follows at Aq <C /x$ <C /x$ i0 - 

a) There is a large number of flavored hadrons made of non-relativistic (and weakly confined, the 
string tension is y/a ~ Ay^ <C fig ) constituent quarks with the masses /x^ ~ (mQ/x^) 1 / 2 . 

b) There is a large number of gluonia with the mass scale ~ Ay]^ ~ Ag(mQ/i$/ Aq) Nf / 3Nc <C /x[? . 

c) The lightest are Np pions with the masses ~ tuq. 

d) Besides, at Aq < /x$ < /ijf' conf \ there are two additional generations of Af, fions with the pole 
masses (5.14). The fions are effectively massless and dynamically relevant in the range of scales 
/jP ole (<|>) < /i < /x^ ole ($). At /x$ > /ijf' 00 "^ these additional poles in the fion propagator are absent 
and fions are dynamically irrelevant at /x < Aq. 

Finally, all condensates and observable masses evolve to those in the standard SQCD at /x$ > 
/x$ )Q , see section 3 in [6]. 

6 Dual theory. Unbroken flavor symmetry 

The Lagrangian of the dual theory [H [5] at the scale /x = Aq is given in (1.6). From (1.6), 
the running mass of mions at /x ~ Aq (and not too large /x$, see below) is ~ Aq//x$ <C Aq and 
only decreases at lower energies, so that mions are effectively massless at least in the interval of 
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scales fin < ll < Aq, where lih is the largest physical mass. Therefore, the regime is conformal 
at fx h < Li < Aq and, with |A g | = Aq, both direct and dual theories enter the conformal regime 
simultaneously at ix < Aq. 



6.1 L - vacua 



The running mass ll^l = H>q,h{p<> = Aq) of dual quarks q, q and their pole mass in these 
(2N C — Np) dual L - vacua look as (we recall that (M) = (II) in all vacua, see section 1 and (3.3) ) 



Hq,L _ (M) L ^ / Aq \ 2N C -N F Llg_ 
Aq ~ A 2 Q ~ \fl*J 'A 



pole 
L 



An 



N F /3N C 



/AqW 
V fx® J 



2N C -N F ) 



Aq < /X$ < /i$ j0 ,(6.1) 



' 5 r\ \ pole 

Llq,L _ {M) L _ /m Q \7^ H q ,L ( ' fiq,L 



N F /3N C 



\Ao~) ' 



Aq A q VAq7 A q V A 4 

The value of the dual quark constituent mass can be found from the Konishi anomaly (1.8) 



(/i£) 2 (iV(/i = Aq))l = (qq(li = A Q )), 



(S)i 



A 2 



A 2 



(M} l Aq 



, A s JVc 
/ I _}0_\ (2JVc-JV F ) 



, Aq < //$ < // #j0 , (6.2) 



fac) (W(a* = A q ))l = (g<?(^ = A Q )) L m Q 



Therefore, 



A* 



pole 



A 2 



A, 



Q 



Aq«^«^, , 6 -N c < N F < 2N t 

V /Xq> / z 



c ; 



(6.3) 



and this shows that the dual quarks q, q are in the DC phase where they acquire the large 
constituent mass JIq and Np lighter dual pions N) (nions) are formed, see section 5 in [6]. Hence, 
the regime is conformal at jj H — Jx c < /x < Aq , while the heavy constituent quarks decouple 
and the RG flow of mion fields becomes frozen at \x < JI C . Therefore, proceeding as in [6] and 
integrating out the dual constituent quarks as heavy ones at ll < Jx c and then the dual gluons 
at li <^ Ay^j , one obtains the Lagrangian of mions and nions (all fields are always normalized at 
/x = A Q , b Q = 3N C — Np = 2Np - 3N C ) 



K 



z [L) 
A 2 



TrfM^ +Trv / NtN 



(L) _ ( Aq 



A N 2b /N F 



> 1 , Aq < < /i$ j0 , (6.4) 



W 



A, 



det N\ 1 / N c I / I 

-Tr( -MX) \ ,{ — — ) • ///qTiM - — — (Tr(M ) - —('IV M) 



Ab 



2/i.j 



The main contribution to the mion mass at Aq <C li<$, <C /id, j0 originates from the term 
M 2 /ll$ in (6.4) 



A 2 



(L) 



A, 



/ Aq X NF ££l„ F) LL L (M) ^ (Aq\^/2N f 



< 1. 



(6.5) 



21 



The running mion mass Hm(^) at the scale \i ~ Aq is /^m(a* ~ A o) ~ ^-q// 2 * ^ Aq, i.e. zs 
effectively massless and so dynamically relevant. With decreasing scale Hm(h) decreases but more 
slowly than the scale /i itself, because = — (2b /A^), |7m| < 1 at 3/2 < Np/N c < 2 . Hence, 
if nothing prevents, the mion becomes too heavy and dynamically irrelevant at scales (compare 
with (4.1) ) 

mW = r^ = (a - ) >/4, i. e. at = Ho = A Q\ — ,(6.6) 

,,COnf ,A ■ , b° „COnf / A (2iV F -3iV e ) 2 



Therefore, the hierarchy of masses at Aq < //$ < /x$ )Q looks as: /^c > ^(M) > fi c ° ni . Now, 
at scales fi <~pc the mass /^(M) > fil° ni does not run any more. Hence, i/iere is no po/e in the 
mion propagator at p ~ /io° nf but i/iere zs one at p ~ fiL(M) ^> /io° nf , so that //l(M) in (6.5) is 
the only pole mass of mions in this range of /i$ in these dual L - vacua. 

The mions M are much heavier than nions N at Aq <C /i$ <C /i$, • Hence, they can be 
integrated out in (6.4) and one obtains 



K = Tr V / NtN , W = N c (^) ^ + t± far (N 2 ) - =L(Tr N) 2 ) , N = (m Q - i . (6 . 7) 

V Aq° 7 1 V N c / Aq 

From (6.7), the nion mass looks in these dual L - vacua as 



A ( A / \ (2N C -N F ) . 

A Q [A Q Jfl^\ at Aq < fig, < //$ i0 

(6-8) 

mQfi^/hQ at /i$ >0 < < /I$ SQCD 

At > A**,o ~ A Q( A Q/ r m Q Y 2Nc - NF ^ Nc the term m Q TrM cannot be neglected in (6.4) 
any more and the vacuum values (M)x and (iV)^ match those in the dual SQCD (dSQCD): 
(M)dSQCD ~ A 2 Q (m Q /A Q f^, (N) dSQCD ~ m Q A Q , and zff ~ i SQCD ~ (A Q /m Q )^. 
But the mion and nion masses are not matched yet: /z£ ole (M) 3> /-tdSQCD(M) , while ij,l(N) <C 
A i dSQCD(A r ) at fi§ ~ //$ j0 - From (6.4), with increasing > //$ j0 , the increasing mass Hl{N) and 
decreasing mass /x£ ole (M) both match those in the dSQCD at //$ ~ /I^ SQCD and stay then at 
their dSQCD values at //$ > /I^ SQCD , see section 5 in [6] (and the hierarchies fi c ° ni <C 1 and 
fi c ° ni / fi v ^ le {M) <C 1 are maintained at //$ > /i$ j0 ) , where 

— dSQCD 3lv e a . b 

(AT\ m Q^^> /»7-\ a f m Q\ 2N F . — dSQCD a f Q | 2Ar F fR n \ 

(i L (N)~ ~//dSQCD(iV) ~ AqI— ) -> w ~Aq , (6.9) 

Aq va q/ \nriQ/ 



fil ole (M) ~ - dSQ(i|) 
Z 1 * 



A; 



1 f™Q\^ 

,W ~ V An / 



A i dSQCD(M) ~ A 



3Af c 

2iV F —dSQCD 



m Q 



bo 
2N F 



On the whole, the mass spectrum in these (2A^ C — A?p) L - vacua of dSQCD look as follows, 
a) There is a large number of heaviest flavored hadrons, mesons and baryons, made of non 
relativistic and weakly confined (the string tesion is ^ - ^ lL! 



(J rvj 



a ym ^ A*c) constituent dual quarks 
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with the masses: /l£ ~ A Q (A Q / ^) Nc / 2 ^ 2Nc - N ^ at Aq < ^ < /i<j, j0 and /Z^ ~ (itlqAq) 1 / 2 at 

b) A large number of gluonia with the mass scale: A^m = (S) 1 / 3 ~ A Q (A Q / /j,^) Nf /^ 2Nc - Nf ^ at 
Aq < /i* < /I*,,,, and A^i ~ (A^m^) 1 / 3 ^ ~ A^ s g CD) at ^ > _^, Q . 

c) iVf. mions M with the pole masses: /i p L ole (M) ~ Aq^q//^)^ / 7 ^ 2 ^-^) < ^ at Aq < 
/i$ < /I$ SQCD , and /i£ ole (M) ~ AQ^m Q /A Q j ~ ^qcd( m ) < at A** > /4 SQCD > 

-dSOCD ( \3N C /2N F 

d) iVp nions N with the masses (6.8) at Aq <C //$ <C , and ~ Aq( ttiq/Aq j 

,, A , ^ —dSQCD 

Therefore, the masses of constituent quarks and gluonia match those in dSQCD at //$ > /i$ )0 , 
while the masses of mions and nions match those in dSQCD at /i$ > /I^ SQCD ^> //$ jQ only. The 
mions are dynamically relevant in the range of scales /z£ ole (M) < fi < Aq in these L- vacua at all 
values ^> Aq. 

6.2 S - vacua 

Proceeding as in the previous section 6.1, the running mass /i^s = /i<j,s(/i = Aq) of dual quarks 
q, q and their pole mass in these (N F — N c ) dual S-vacua are 

(M) s m Q ^ <? _ //i,,5\^/ 3 ^ fm Q ^\N F m c 



^=Tf~^' ^=(^J ~OfJ ,A «, t (6.10) 

The value of the dual quark constituent mass can be found from the Konishi anomaly (1.8) 
(JI S C ) 2 (N) s = (qq^ = ^Q))s (S)s (m Q ^N c /N c 



Aq Al (M) S A Q . ^ 

&c) 2 _ (N)s = (qq(» = a q ))s _ m Q 



i^PJ , A Q <^<^ )0 , (6.11) 



A 2 A 2 A 



-7 , /i$ 3> /i$,o • 



Therefore, 



<!> Aq<^<^,o, -iV c < iV F < 2iV c , (6.12) 

and this shows that dual quarks q, q are here also in the DC phase where they acquire the 
constituent mass ~fic an d N F lighter dual pions iVj (nions) are formed, see section 5 in [6] . 

The regime is conformal at JIq < \i < Aq, while the constituent dual quarks decouple at /i < JIq 
and the RG evolution of the mion renormalization factor z M \\x) becomes frozen, z M = z M (/i < 
~Pc) = 4fV = V-c) = {-^q/~Pc) 2 ^ ^ Nf ■ Hence, after integrating out dual constituent quarks 
at /i < Jig and dual gluons at jj < Ay^ one obtains the Lagrangian (6.4) with a replacement 
z {L) ^z {S) 
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As for the low energy value of the mion mass in these (N F — N c ) dual S-vacua, it looks at 
Aq < /!$ < /i<i>,o as 

wW ^^ 1 t) ' (63) 

But comparing the quark constituent mass /Z c with p™ nf from (6.6) one obtains (compare with 
(5.10)) 

jrS , A \ 3(2_AT C -JV F ) 

PC ^i > ^ — (S,conf) A I ly Q \ N F b +2N c b (S,conf) , r , A \ 

— S >1 -> /^>/4 Mm J >;i * ' (6 - 14) 

while M ™ nf > p s c at Aq < A*<e> < T^f'^ < A**,o- 

Hence, the hierarchy of scales and masses looks here as Aq > JIq > /is(M) > p c ° nl at //$ > 
_0S,conf) on j^ rjn^jg meang on j-y j n re gi ori; as j n the preceding section 6.1, the mass p,s{M) 
in (6.13) is the mion pole mass and the mions are dynamically relevant at scales pJg° le (M) < p < 
Aq- 

The hierarchy of scales and masses looks as p c ° nl > ps(M) > pf, at Aq <C //$ <C /-4f' c ° nf ^ 
Therefore, there is no pole in the mion propagator at this frozen low energy value p ~ ps(M) of 
the mion mass term. But, because the running mion mass p M (p) behaves in this range of /i$ as 

M ~ ~ ^) (6 - 15) 

in the vicinity of ^ onf , it is /i£ } (/i) < AC" f at // > ^ onf and > / i o° nf at // < /i™ nf , so that 

i/iere is a pole in the mion propagator at p ~ /io° nf and, besides, the mions are effectively massless 
and dynamically relevant in the range of scales /^ ole (M) = p c ° nf < p < Aq. 

In any case, the mions M are much heavier than nions iV at Aq < /i$ < /I$ SQCD . Hence, 
they can be integrated out and one obtains (6.7). From this, the mass of nions looks in these dual 
S - vacua as 

p s (N)~!?fl at Aq«^«74 SQCD . (6.16) 
A Q 

On the whole, the mass spectrum in these (N F — N c ) S - vacua of dSQCD looks as follows. 

a) There is a large number of flavored hadrons, mesons and baryons, made of non-relativistic and 
weakly confined (the string tesion is ^fo ~ Ay^f ~Pc) constituent dual quarks with the masses 
p s c ~ AQ(mQ / u $ /A Q ) 7Vc / 2Fc at Aq < p^ < /^, . 

b) A large number of gluonia with the mass scale: Ay2f = (S)^ 3 ~ Kq{itlqp^/ Kq) Nf ^ Nc at 
Aq < /i $ < p^ Q and A^i ~ (A^m^) 1 / 3 ^ ~ A^ CD) at p* > p^ Q . 

f -,N F /3(2N C -N F ) 

c) JVj. mions M with the pole masses: p p s (M) ~ /^ onf ~ A Q lA Q /p^j at Aq < 

A** <§C p^'™* 1 ^ <C A*$, and (6.13) at p^' coni ^ <C //$ <C //$, - 

d) iV|i dual pions iV (nions) with the masses (6.16). 

All condensates and mass spectra in these S - vacua and in the L - vacua from the preceding 
section 6.1 degenerate and become the same at p$> 3> //$ i0 ~ Aq(Aq /mQ)^ 2Nc ~ NF ^ Nc . 
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7 Direct theory. Broken flavor symmetry. 
The region Aq < /i$ < 

7.1 L - type vacua 

In these vacua^and in this range of the term ttiqQQ in the superpotential can be neglected 
and the parametric behavior is the same as in L - vacua in section 5.1. Therefore, all quarks are in 
the DC phase. The difference with previous calculations in section 5 in this region is that the flavor 
symmetry is broken spontaneously in a large number of these vacua with (111) ^ (II 2 ) , (111) = 
(Q1Q1) ~ (n 2 ) = (Q2Q2) S> (mg/i$), while the classical S - type vacua are absent. 

Hence, proceeding as before and integrating out first all heaviest constituent quarks with the 
masses fi c ,i = W 2 ~ fx c ,2 = {^) l/2 ~ (n)f ~ A Q (A Q / ^f^ 2N ^ » (rriQ^) 1 / 2 and 
then gluons at fi < Ay^ ~ ^ymi one obtains the Lagrangian of Np pions 



K = Tr vTftn , W = -N c S + m Q Ti U 



Tr(n 2 )-^(Trn) 2 



(n x ) + (n 2 ) = m Qf i* + ^Tr (II> ~ 1- [ n^) + n 2 (IT 2 > 



From (7.1) 



(. \ 2N C -N F , 2N C -N F 

— ^Aj, AQ</i*<^ )0 ~A g (-5-) We (7.2) 

//* J \m Q J 

As a check of self-consistency, we have now instead of (5.2) 

«i> = ^ , k°: 2 ) = ^ ~ «i) , (7.3) 

so that (5.4) is parametrically the same. 

On the whole, the main qualitative difference in the mass spectra in comparison with the L 
- vacua (n)i with unbroken flavor symmetry in section 5.1 is that the hybrid pions Ili 2 and Il 2 i 
are Nambu-Goldstone particles here and are exactly massless. 

7.2 br2 - vacua 

In these vacua with n 2 > N c , n\ < N c < N c , see (3.9), 

AT "2 Nc — ni 

W-=(» = -^)*' W—AS^) — (^)— , (T.4, 



8 It will be implied everywhere below in the text that the numbers ri\ and n2 are such that 1 — (ni/N c ), 1 — 
(n2/iV c ) and 1 — (Np/2N C ) are all O(l). The only exception considered explicitly below will be the special vacua 
with n 2 = N c , rii — N c . 
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(n 2 )br2 V//$,o' VmQ/ 

To see what is the phase in this case we look at hierarchies of possible masses. The pole masses 
of quarks Qi and Q2 look as 

tm«*\ (Il2) m {m Q> 2) ^K^l (7<\ 



/ tot \ u /at 

pole \ m Q,l/ a / m Q\3iv7 pole /a ^a x //i\ b °/^F 

m Q,i 77 poieT ~ Aq ( — J >mP zq(Aq,/.<Aq) = ( —J 

while their constituent masses look as 

Mc,2 ~ (n 2 ) 1/2 ~ (mg^) 1 / 2 » MC)1 ~ (IT) 1 / 2 . (7.6) 
The masses of gluons due to possible higgsing of quarks look as 

V2 /(n 2 )\ JV W3^« 



(n 2 }^(AQ,^, 2 )j ~A Q (^J >%M . (7.7) 



Because from (7. 5), (7. 6) 

pole , 1 2JV F -3JV C sr ;o -jT7 

^ /AQ W mQN^— ^ /^^v 



v/ , , u y <K1 and f^J ( 7 - 8 ) 

A*C,2 V/i*/ wVq/ m Q 1 V / i< I>,o / 

this shows that the quarks Q 2 > are in the DC 2 - phase in the whole region Aq <C //$ <C A*$,o- 
But, as for the quarks Q l5 Qi, 

^2 5 

„ ^ M ) ^™ , 5=[n $ Q - (2N F N C - 3N 2 ) },K = 2N F - 3N C . (7.9) 

It follows from (7.9) that 

al) if {2N F ~N c - 3N?) < 0, then 5 > and 

— -y > 1 ->■ /i$>/i$, /i$=l I <//*,o, (7-10) 

so that at all < n\ < N c the overall phase is DC\ — DC2 at <C /x$ <C /x$ )Q and i/Qi — -DC 2 
at Aq <C /i$ //$ ; 

a2) if {2N F N C - 3A" 2 ) > 0, then /i C ,i > mg 6 at 5 < 0, i.e. the overall phase is DCi - DC 2 at 

< rii < n ° = (2N F N C — 3 AT?) /b Q only, but in the whole region Aq <C //$ <C /i$ )0 ; 

a3) <5 > at (2N F N C — 3N^) > 0, so that the phases is as in 'al' above but now at n" < n\ < N c 

only. 

We start with the DC\ — DC2 phase and recall that the largest constituent mass //q j2 of Q 2 , Q2 
quarks is formed in this phase not at the scale ix ~ l^c,2, but both constituent masses ^c,2 and 
\ic,\ are formed at the smaller scale fi ~ ixc,\ [!]■ Therefore, the RG flow of quarks and gluons is 
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conformal down to /i ~ nc,i /ic,2- , integrating out all constituent quarks at /i < /ic,i and then 
all gluons at ji < hyM ~ { m Q^i)) 1 ^ ■, the lower energy Lagrangian looks as 



K = Tr 



^(A Q , / i Cil )($t$) + v / ntn 



/ A^x2b o/ 7V F = / A Q \b o/ iV F 



»1, 



2 



Tr ($ 2 ) - i- (Tr $) ' j + Tr (m Q - $)H , 5 = (^5) ^ 



(7.11) 



and one has to choose the br2 - vacua in (7.11). 

To see whether fions are relevant or not in this DC\ — DC 2 phase, we compare /j,c,i and fx c ° n{ , 
see (4.1), 



. conf 
H'o 

t*C,l 



3(2JV C -AT F ) A Q 



(relev) 



A (^)'««,„, (7.12) 



3(iV c -n 1 )(2iV c -iV F ) 
2N F (n 2 - Ay + 3n 2 (2A" c - N F ) 



> 



Therefore, the fions are dynamically relevant in this DC\ — DC 2 phase at Aq <C < /i^ 6 ' 6 ^ and 



become irrelevant at /i$ > /i^ ' ^. Hence, at Aq <C <C h)^^' , there is the second generation 
of all iVji fions with the pole masses /i2° le (3>ij) = Ato° nf ^ Mc.i • 

From (7.11), the mass terms of hybrids $12, $21 and II12, n 2 i look as in (2.23), but instead of 
(2.24) one has now 



(relev) 



z*(Aq,hc,i) ' 



(ni + n 2 ) 2 



(7.13) 



The exact equality m 2 ^ = m^m n ensures that one of the two eigenvalues is zero. As one can 
check, the mixing 12 -H- 7r 12 is parametrically small, so that the massless particles are mainly 
pions 7r 12 ,7r 21 , while the heavy hybrids are mainly 0i 2 ,0 2 i, 



14 ($12) = (4 (*2l) ~ —7T — ~ ( -p" J 



(7.14) 



Further, the mixings 4>n -H- 7r n and 22 -B- 7r 22 are also parametrically small and fions are much 
heavier than pions, with their third generation pole masses 



/if c ($ n ) ~ (* 22 ) 



pole / 



Ha 



n^xbo/ATj, 



z^(Aq,ii c ,i) Aq 
Hence, after integrating all fions one obtains the superpotential of pions 



(7.15) 



W = -N C S + m Q TrU 



2/i$ 



Tr(H 2 )--(TrH) 2 



(7.16) 



and one has to choose br2 - vacua in (7.16). Then one obtains for the pion masses 



/i(nn) ~ yu(n 22 ) 



m Q 



(7.17) 
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On the whole for the mass spectrum in this DC\ — DC 2 phase. 

1) The heaviest are 22-flavored hadrons made of the constituent quarks Q21Q2 with the masses 

HC,2 ~ (jriQUq,) 1 / 2 . _ 

2) The next mass scale is due to 11-flavored hadrons made of the constituent Q 1 , Qi quarks with 
the masses fic,i ~ O^i) 1 ^ 2 "C Hc,2- 

3) The gluonia with the mass scale ~ (mQ(Il 1 )) 1 / 3 <C fi c ,i- 

4) n\ pions Iln and n\ pions II22 with the masses ~ rriQ <C &ym- 

5) 2ri\ni massless hybrids ili 2 ,n 2 i. 
And finally, as for the fions. 

al) At (2NpN c — 3N 2 ) < 0, n\ > 0, 5 > and when /!$ is in the interval /i$ <C /x$ <C /i$ elev \ see 
(7.10), (7.12), all Np fions appear at scales \i < Aq in the two generations with the pole masses 
fj,2° le (<&ij) ~ nl° ni 3> i^c,! and //3° Ie ($jj) <C A*c,i, see (7.14), (7.15). They are dynamically relevant 
then in the range of scales /j,^ ole (^ij) < fi < /i2° le ($ij). But there are no poles in the fion propa- 
gators at < Aq and they become dynamically irrelevant at /i$ elev ' ) <C <C /i<j> i0 . 
a2) At (2NpN c — 3N 2 ) > 0, n\ < n°, 5 < - the same as in 'al' above but the fions are relevant 
now in a much wider interval Aq <C /i$ <C n^ elev \ 

a3) At (2N F N C - 3N 2 ) > 0, 5 > - the same as in 'al' above but at n x > n\ only. 



We consider now the HQ\ — DC 2 phase and proceed in this case similarly to that in section 4 
of [7] where the standard SQCD in this phase was considered. The difference is due to fions and 
their Yukawa interactions with quarks. We recall also that the conformal regime is maintained in 
this phase in the range of scales rnFq^ < \i < Aq. After integrating out the constituent quarks 
Q 2 , Q2 and the quarks Q x , Qi as heavy ones at fi < itlq°^, the Lagrangian takes the form 



K 



^$(Aq, 



pole- 



Tr ($ f $) + Tr 



n| 2 n 2 2 



w 



2tt 



a(/x) 



S 



+ w$ + w u 



(7.18) 
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, W u = -n 2 



det n 2 2 
A^detm^ 



n 2 -N c 



+ Tr n 2 2 ( m 



l Q2 



21' 



m 



tot 



12 



Ac 



m. 



pole 



2b /N F 



m 



(m Q - $ n ) , mS* 2 = (m Q - $ 



22; 



with pions H22 and mm sitting on Ay_j^ inside a(/i) in (7.18). The pions n 22 and all fions are 



frozen and do not evolve any more at /i < rn^°. Further, after integrating out gluons at \i < A YM 
through the VY - procedure [9], the superpotential looks as 

det n 2 2 



(br2) 



W = W$ - (n 2 - N c ) ( 



A Q ° det m. 



tot 



) n2 - JVc +Trn 22 (m--$ 21 -i F $ 



12 



(7.19) 



One obtains from the above for the masses of fions and pions in this HQ\ — DC 2 phase. 

1) Because «C nl° n{ in the region Aq <C /i$ <C <C /i$ ]Q with this phase, there is the 
second generation of all Np fions with the pole masses fJ^^i^ij) ~ AC nf - 

2) There is the third generation of $n and $22 fions with the pole masses (the mixing of $22 and 
n 2 2 is parametrically small) 



pole / 



^*(Aq, 



77? 



polc\ 



Ao/ 



2b Q /3Af c 



< m Q 



pole . /m Q X^/3iV c 



VAq7 



20) 
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and so the fions $n and $22 are dynamically relevant in the range of scales fj^ ole (^n) < < /^° nf '. 

3) The mass of H22 pions is /i(il 22 ) ~ rriQ <C /i| ole ($22)- 

4) The third generation hybrids are massless, fJ^ ole (^ 12) = /Z3° le ($2i) = 0. 

In addition, there are in a mass spectrum : the heaviest 22-flavored hadrons made of the con- 
stituent quarks Q 2 , Q2 with the masses fxc,2 ~ ( r ^Q(^<s>) 1 ^ 2 , the next mass scale is due to 11-flavored 
hadrons made of Q 1: Q\ quarks with the masses Wq* <C and, finally, there are gluonia with 

the mass scale ~ ^-ym ~ ( m Q(ni)) 1 ^ 3 <C m Q°i C - 
7.3 Special vacua, n 2 = N c , ni = N c 

In these vacua at Aq <C <C /i$ j0 , see (3. 7), (3. 10), 

/TT \ ^ ^ \ /tt \ * 2 f^Q\ 2N c-N F (IIi) S pe C / /i$ \ 2JV C ^ C JV F , s 

(ni) spec = — — (m Q /i$), (n 2 ) spec = A Q — ) , Tpj-T < 1(7.21) 

Z1\ C — 1\ F V/i$/ U^/spec V /^<I>,o / 

The most important possible masses look here as follows 

Vc,2 ~ (n 2 ) s 1 p / e 2 c , fic,i ~ (Hi)^ ~ (m Q /t$) 1/2 < /ic,2 , (7.22) 



/ tot \ (n2)spec « f ^Q\2N c -n f pole /Aq\ 3 (2iV c -JV F ) pole 

bp a Aff 

2 / i\/tt \ (^%\,2\n f . /Aq\ 3(2JV c -jv f ) p i e 

^gl,2 ~ (a* ~ 1) (n 2 )spec ( -J— ) -»■ /igl,2 ~ Aq [ — j ~ > /i g l,i , 



pole , 
nr <) ' /' - \o \ TJ~ ^ 



9 \ US>/ 



^C,2 v 



6iV e -iV F . 3(2iV e -iV F ) 

^C,l V rriQ { H<3>\3(2N C -N F ) . (DC) / A Q \ 6JV C -JV F 

^r- ~ — — > 1 — V //* > ui ~ — — 



AW * "* >/4 ~W << "*'°' <7 ' 23) 

where /z<7,2 is the possible constituent mass of Q 2 , Q2 quarks and fx g \ t 2 is the gluon mass due to their 
possible higgsing. Because /i g i 2 ~ m Q°i e it is unclear beforehand whether the phase is DC 2 — HQi 
or Higgs 2 — HQ\. But an attempt to write the standard superpotential for the DC 2 — HQi phase 
shows that it will be singular at n 2 = N c [7] and so the phase DC2 — HQi cannot be realized 
in these special vacua (at least in a standard way). We assume here that the overall phase is 
HQi — Higgs2 and the whole gauge group is higgsed at Aq <C fi <C f% , while the phase will be 
DCi — DC 2 at /i$ DC ^ <C fi <C /x$,o- 

We start with the HQi — Higgsv phase. Supposing that rnFq^ = (several)/i g i 5 2 and integrating 
out first the quarks Q 1: Qi as heavy ones at \i < roq^ and then all higgsed gluons and their 
superpartners at fi < fi g i,2, the Lagrangian takes the form 



K = Tr 



+ z Q ^U ] 22 U 22 + B ] 2 B 2 + B\B 2 j 



(7.24) 



29 



Z Q 



m 



pole 



Ar 



h Q /N F 



= 2*(Ag,mgJ) = 1/zq, 



W = W non _ pert + W$> + Tr n 22 (mgj, - $ 21 -L$ 12 ) , W 

V m Q,l J 



2 



Tr($ 2 



Tr$ 



™Q°*i = ™Q - $11 > ™Q,2 — m Q ~ $22, 

where for the non-perturbative term we use the form proposed in [I] 

detIT 22 , B 2 B 2 



"lion— pert 



.4 



1 



A 



2N C 



X- 



, (A) = (S), y= A b °detm%\ "\ (V) = (n 2 ),(7.25) 



in which A is the auxiliary field. 

From (7.24), (7.25), the hybrids $12,^21 are massless, the baryons B 2 , B 2 are light 



(m(B 2 ) = fi(B 2 



m Q ( Z 1 * \ 3(2iV c -JV F ) 



(7.26) 



while all other masses are parametrically ~ /z g i j2 ~ ^crf (the pion masses increased due to their 
mixing with the fions). Besides, in particular, because fil° nf ~ m Q°i C m these special vacua, there 
is no warranty that these nonzero masses of fions $n and $ 22 are the pole masses. Maybe yes, 
but maybe not (see section 4). 

On the whole, there are three scales in the mass spectrum: the hybrid fions $12, $21 are 
massless, the baryons have small masses (7.26), while all other masses are /i g i i2 ~ ™>qi ~ 

Aq(Aq/ jj,^) N F/H2N c -N F ) j n thege specia l yacua at A Q < < yU J ,C) . 

Now, we consider the phase DC\ — DC 2 with fi c ,2 3> A*c,i ^> A*o 0nf ~ m Q°i e * n these special vacua 
at /4P C ^ <C /i$ <C /x$, - We can proceed then as in this phase in section 7.2 above and to start 
directly with (7.11). But just because nc,\ 3> /^o° nf , there are no poles in the fion propagators at all 
scales fi < Aq and all fions are too heavy and dynamically irrelevant here. Hence, after integrating 
them out in (7.11), one obtains the superpotential (7.16). From this, the masses of n n and n 22 
pions are as in (7.17), while the hybrids Il 12 and Il 21 are massless. We recall finally that the masses 
of constituent quarks are here \xc,i ~ (n 2 )spec ^> \ic,\ and fic,i ~ (ni)spec ^> mgj 6 , and the mass 
scale of gluonia is A^ c) = [(n 1 ) S pec(n 2 ) spec /^] 1 / 3 ~ A Q [(m Q /A Q )(A Q / ^'^- N ^ « 
l*c,i- 



8 Direct theory. Broken flavor symmetry. 
The region //$ >0 //$ Ag/mq 

8.1 brl - vacua, DCi — DC2 phase 

In all L - type, br2 and special vacua the theory enters the region ~ (several)yU$ j0 with 
all quarks in the DC\ — DC 2 phase and (III) ~ (n 2 ) ~ A^ttiq/ Aq) Nc ' n °, see sections 3 and 7. 
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But there appears then a large hierarchy between the quark condensates with increasing at 
/i$ 3> /i<j., in these brl - vacua 

A7" A n l n 2~ ^ c 

- (» - a£j •«>» » ^ ~ a « O ^ (^) ^ ■ 

i.e. the constituent masses /ic,i of Q 1; Qi quarks become parametrically larger than fia,2 of Q 2 , Q2 
quarks. 

We recall now once more the important feature of the DC phase [7J : the DC\ phase cannot be 
formed separately, i.e. the largest constituent mass yUc*,i = (Hi) 1 / 2 ~ (mQfi^,) 1 ^ 2 of Qi,Qi quarks 
is not formed at the scale \i ~ fic,i , but only at the appropriate lower scale /zi OW er below which all 
quark flavors become massive. Therefore, if nothing prevents, this lower scale in the case considered 
may be either the constituent mass /ic* j2 = (n 2 ) 1//2 of Q 2 , Q2 quarks or their pole mass m^\ e (and 
both are parametrically smaller now than fi c ,i at ^ ^> Q ) , /ii ower = max( fi c ,2 , m Q° 2 e )• 

But there is another competing mass /i g i 5 i , i.e. the mass of gluons due to possible higgsing of 
Qi, Q\ quarks, 

^gi,i~ a (^ = /^gi,i)( n i)^Q( A Q^gi,i)' z q( a q, Vgi,i) = (-jr-) > ( 8 - 2 ) 



[j^- J ~ v^V 2 " - J ' ^ = flconf ^ = ^gi,i < a q) = a * = 0(1) < 1 

Q Q Q 

It is seen from 

pole , pole 



m Q,2 _ /mq\^/3iVc ^ ///^N^iVc < 1 (g 3) 

that /i g i 5 i 3> rrigj at /i$ 3> /i$ iQ , but as for fic,2 > one obtains 



^ 2 = (n 2 )^, ^>l at v>^\ ^<<4^~(— )'<<—> (8-4) 

A*C,2 Aq Aq Vm Q / TrtQ 



b Q (iV c - ni) + 3NJ2N C - N F ) , . 

a = ^^ - ^ — _ ; > 0. 8.5 

2A^ F (A" C - n x ) + 3^!^, 

Therefore, when /ic,2 3> /i g i,i at /i$ i0 <C "C lggs ' ) , the quarks still are in the DC\ — DC 2 
phase where both dynamical constituent masses fic,i and fic,2 are formed simultaneously in the 
threshold region [(several) /ic,2 > A* > A i c,2/(several)] ^> /ig^i . But at /i$ ^> /i^ 1 ^ , when /i gl l 3> 
/xc*,2 , the quarks Qi,Qi are higgsed at the higher scale /i ~ /i g i 5 i ^ Atc*,2 , before reaching the 
lower scale /1 ~ ^0,2 where the constituent masses fic,i and /ic,2 are formed (this variant was not 
considered in [7]). Hence, the phase will be either Higgsi — DC 2 or Higgsi — HQ 2 , depending 
on the phase of Q 2 ,Q 2 quarks with unhiggsed colors (it is worth recalling here that, unlike the 
non-perturbative mechanism of the DC\ condensate formation, the higgsing at /i ~ operates 
separately, independently of what is going on at lower scales with Q 2 , Q 2 quarks with unhiggsed 
colors) . 

Hence, the phase DC\ — DC 2 is maintained in the region /i$ < /i$ < /x$ lggs ^ in these brl - 
vacua and only the hierarchy of vacuum condensates (Hi) and (n 2 ) is different here in comparison 
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with the section 7.1 above, (Hi) ~ piiriQfiq, ^> (n 2 ). Therefore, the Lagrangian of pions will be 
(7.1), n\ pions rin = (QxQi) and n 2 pions n 22 = (Q2Q2) will have masses fxijlu) = /i(n 2 2) ~ itiq, 
while 211x112 hybrids n 12 = {Q1Q2) and Il 2 i = (Q 2 Qi) will be massless. The masses of gluonia 



(brl) 
YM 



(S)Hl, as in (2.18). The hierarchy of nonzero masses looks here as: /i(n n ) 



are ~ A ; ± 

/i(n 22 ) < < A*c,2 < A*c,i < Aq. 

Finally, it remains to see that fions are dynamically irrelevant here. The renormalization 
factor 2;$(Ag,/i) of fions becomes frozen at -2$(Aq, ^0,2) = (AQ/(n 2 )) bo//ArF 3> 1, after all con- 
stituent quarks decouple at /i < nc,2 ■ Hence, the running mass of fions stops at the value 
/!$(/! = 1^0,2) = /-W-^Aq, 1^0,2)- To see that they are irrelevant at Aq <C /i$ <C jj,^ lggs ^ it is suf- 
ficient to check that /i C , 2 > /C nf , see (4.1). This is fulfilled as \i c ,2 > m p ^ 2 ~ A Q (m Q / Aq) Nf ' zn - 
here and rnFq^ > p c ° nl at /!$ > ^$ j0 - Hence, there are no poles in the fion propagators at /i < Aq 
and all fions remain dynamically irrelevant in this case. 



8.2 brl - vacua, HiggSx — DC 2 phase 

At yU^o <C /i$ sgs < fi<s> <^ Aq/itiq the quarks Qi,Qi are higgsed at /i ~ /x g i ; i <C Aq in the 
conformal regime at a + (/i = /i g i,i) ~ a_(/i = /i g i,i) = a* = 0(1) < 1. The lower energy theory at 
I 1 < A%i,i has AT,' = (A^ — ni) colors, N F = (N F — rii) = n 2 flavors, b^ = (b Q — 2ni), and the new 
scale factor of its gauge coupling is 



A Q (Hn) 



bo 



^ 2 (Aq,/%i,i )Aq c 
detn n 



Aq = (A' Q (n u )) ~ /i gU 



(8.6) 



and N' F 



We consider first the case ii\ < b Q /2 when the lower energy theory with N' c = (N c — ni) colors 
(N F — iii) = n 2 flavors and with unbroken flavor symmetry U{n 2 ) remains in the 
conformal window with 3/2 < N' F /N' C < 3 at /j, < fj,^. Then the phase of Q 2 , Q 2 quarks with 
unhiggsed colors is DC 2 . Indeed, the new values of the pole and constituent masses of Q 2 , Q 2 
quarks with unhiggsed colors look now as (7^ = b Q /N F > 0, 7^ = h' /N' F > ) 
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pole 
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^C,2 



iV e (b -2n 1 ) 
6JV c (JV c - ni ) 



< 1 



(8.7) 



Therefore, after the heaviest particles with the masses ~ // g i ; i have been integrated out, the 
Lagrangian at /i ~ // g i ; i <C Aq takes the form (2.21), with a replacement of the logarithmic 
renormalization factor zq(Aq, fi g \ i ^> Aq) ^> 1 and z$ ~ 1 by the power-like ones, Zq(Aq, fi g \ tl <C 

Aq) <C 1 and z$(Aq, /Xg^i <C Aq) ^> 1. Then, after integrating out the constituent Q 2 ,Q 2 quarks 
with the masses n' C2 at ji < jj,' C2 and unhiggsed gluons at ji < Ay^ , the Lagrangian looks as 
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Ku = Tr 



2 Jrf u n u + 4, 
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W n , S 



detnndet U 22 \ 1 / N 



(8.9) 



Tr 



(m Q - $n)n n + (m Q - $ 22 ) ( n 22 + n 21 — n 12 ) - ( $i 2 n 21 + $ 2 in 12 



We starts with the hybrids. The fions $i 2 are much heavier than IIi 2 and mixing between them 
is parametrically small. Neglecting it and integrating out $i 2 , one obtains for the mass terms of 
n 12 and Il 21 , see (1.5), 



W, 



hybr 

(n) 



m - (<& 2 ) = (mj?* 9 ) 1 

Q Q ' 2/ -— )n 21 n 12 = o. 

(iii) ^ 



(8.10) 



Further, the fions $n and $ 22 are also much heavier than the pions Hn, n 22 . After integrating 
them out the superpotential of pions IIn, n 22 looks as 



W = -N C S + m Q Tr n - ^- [ Tr (U 2 U + U 2 22 ) - -L f Tr U * 

Hence, from (8.8) and (8.11), the pion masses look as 

(Hi) _ m Q 



/i(n 



a, 



~ — r ~ ^(n^) 

z7 



(8.11) 



(8.12) 



On the whole, the mass spectrum looks as follows. 

a) The heaviest are {2n\N c — n\) higgsed gluons and their superpartners with the masses //g^i ~ 

N/i*) 1/2 < Aq- 

b) There is a large number of 22-flavored hadrons made of non-relativistic and weakly confined 
constituent quarks Q 2 , Q 2 with the masses n' C2 <C (the string tension is ^fo ~ ^-ym ^ ^02)- 

c) n\ pions rin and n 2 pions Il 22 have masses /i(rin) ~ /u(n 22 ) ~ tuq/zq <C ^-ym > 



11; 



/i(n 



11/ 
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(brl) 
YM 



^C,2 



iVc(bo-2n 1 ) 

^ «1, A&}> 



m Q (n 2 ) br i 



1/3 



(8.13) 



d) The 2n\ri2 hybrids Ili 2 and Il 2 i are massless. |^ 
8.3 brl - vacua, HiggSx — HQ 2 phase 



We consider now the case b^ < , i.e. N' F /N' C > 3, n\ > b Q /2. Then (neglecting logarithmic 
factors), one has to replace Zq — > 1 in (8.7) at j2^ lgs ^ < /x$ <C Aq/ttiq and obtains 



^C,2 
pole 
m Q,2 



iV e (2n 1 -b ) 
aJVc(JVc-ni) 



< 1 



(8.14) 



As one can check, all N F fions remain dynamically irrelevant in this region /!$ > /i$ j0 . 
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This shows that Q 2 , Q2 quarks with unhiggsed colors are in the HQ 2 - phase and there is no 
lighter n 22 pions. The lagrangian of pions takes now the form (2.22). This phase Higgsi — HQ 2 
is preserved also in the region /!$ ^> Aq/ttiq. 

Finally, we comment in short on the behavior in the region //$ ^> Aq/itiq when > 0. 
Then yU g i ! ~ (Hi) 1 / 2 ~ (mg/i^,) 1 / 2 ^> Aq , i.e. the quarks Q 1 ,Q± will be higgsed in the weak 
coupling region with the logarithmic RG flow, and (neglecting logarithmic factors) (Ag) bo ~ 
Aq / det(n n ), A'q <C Aq now. Hence, while A'q ~ /x gl)1 increased with increasing /!$ at /i gl l <C Aq, 
when becomes larger than Aq/uiq and increases, A'q begins to decrease in a power- like fashion 
while the ratios ii' C2 / A'q , mg* / 'A'q , / [i' C2 are increasing with Until is not too large, 

< a4, , the hierarchy A'q > /i^ 2 > mQ° 2 e is preserved and Q 2 , Q 2 quarks stay in the DC 2 phase. 
But rriQz ~ [i' C2 ~ A'q ~ mg at ~ ~ Ag^g/m^)^ 0- ™ 1 )/™ 1 ^> Aq/ttiq, and the hierarchy 
is reversed at /i<j, > it becomes mQ° 2 e > jj,' C2 > A'q . The phase is changed when /i<j, becomes 
larger than /i^, DC 2 —> HQ 2 , the Q 2 , Q 2 quarks will be in the HQ 2 (heavy quark) phase and 
there will be no lighter Il 22 pions. The Lagrangian of pions Iln and hybrids Ili 2 , Il 2 i has the form 
(2.22). With further increasing //$ this phase Higgsi — HQ 2 stays intact. 

8.4 br2 and special vacua 

At n 2 < N c there are also br2 - vacua, see section 3. For these, their properties can be obtained 
by the replacement n\ -H- n 2 in formulas of the preceding sections 8.1 and 8.3 . The only difference 
is that, because n 2 > Np/2 and so 2n 2 > b D , there is no analog of the conformal regime at /i < /igy 
with 2n>i < b Q in section 8.2. I.e., see (8.5), at > /i$ lggs (ni -H- n 2 ) the lower energy theory at 
A* < A*gi,2 will be always in the perturbative IR free logarithmic regime and the overall phase will 
be Higgs 2 — HQi. 

As for the special vacua (see section 3), their properties can also be obtained with n\ = 
N c , n 2 = N c in formulas of the preceding sections 8.1-8.3 . 



9 Dual theory. Broken flavor symmetry. 
The region Aq < /i$ < /i$ jG 

9.1 L - type vacua. 

Below in this section : M u istheriixrii matrix, (Mi) = (M u ) = (IIi), M 22 and A" 22 = (q 2 q 2 ) 
are n 2 x n 2 matrices, (M 2 ) = (M 22 ) = (U 2 ) , and Mh y b r includes 2n\ x n 2 M 12 and M 21 mesons 
(and the same for Np nions N). 

Although (Mi) i t 7^ (M 2 )i t are not equal now, but their parametric behavior in the region 
Aq <C //$ <C //$, is the same here as in the L - vacua with the unbroken flavor symmetry in 
section 6.1, (M x = Ui) Lt ~ (M 2 = U 2 ) Lt ~ (M) L . I.e., the phase is DC X - DC 2 , Np nions Ny are 
formed and the Lagrangian is (6.4). All Np mions have masses (6.5) and are much heavier than 
nions. Hence, the Lagrangian of nions is (6.7). The masses of n\ nions N\\ and n\ nions N 22 are 
still fi,{Nn) ~ n(N 22 ) ~ Aq(A q / fi$) Nc,/( - 2Nc ~ NF \ But, due to a spontaneous breaking of the flavor 

10 In this region \i' c 2 ~ A*gi,2 has the meaning of the gluon mass due to possible higgsing of Q 2 , Q2 quarks. 
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symmetry, the masses of hybrid nions A?" 12 and A^i differ qualitatively now from those in section 
6.1. They are massless Nambu-Goldstone particles here. 



9.2 br2 - vacua 

The condensates of mions and dual quarks in these vacua with n 2 > N c , n\ < N c at Aq <C 
fi<s> -C /i$, look as 



A T n 2 J »c — n \ I 71 /r \ 

//1/f \ ( n 2 -ly c \ . . 2 ( V"$>\ ™2-Nc fmQ\^N^ {Mi) ( //$ \ „ 2 ~n c 

(M2) " ( P2 = ~^vH mQ/i *' (Ml) ~ Ma^J b^J 'Tm~ v^J <<c 1 

W = = Aq)) = = ~ m Q A Q » (7V 2 > . (9.1) 



From these, some possible characteristic masses look as 

pole A fTTlQfl^Y le 



(M 2 ) m Q /j$ lc { m Q fig, \ N F/Wc 



- 2 /AM Ao(5> A Q (M 2 ) < 2 1c 



^ ~ {N2) = W = ~ I Aq" J <<C ^ 



1 • 



gl,2 ' 



^~UrJ >>X ' ^~UJ <<X ' b o = 2^-3iV c , (9.3) 



(M^^fM^™, 5 = ^b - (2iV F AT c - 3iV c 2 ) , (9.4) 

where /ig° le and are the P°l e masses of and q 2 ,q 2 quarks, JI C1 and ~p C2 are their 

constituent masses and "pg i, ~p g \ t2 are the gluon masses due to possible higgsing of these quarks. 

It is seen from (9.1)-(9.4) that the largest mass is /Zci- But we recall that it does not work by 
itself [7], it is important what is the next mass. It follows from (9.1)-(9.4) that : 
al) if {2N F N C - 3N 2 ) < 0, then 5 > and at all < n x < N c the phase is DC X - DC 2 in the 
region Jt^ <C <C /i$ jQ and Higgsi — HQ 2 in the region Aq <C <C see (7.10), 



£* = A Q (-^ 3JVc >/2 $ ; (9.5) 
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a2) if (2N F N C - 3iV c 2 ) > and < m < r% = n\ = (2N F N C - 3iV c 2 )/b , then 5 < and the next 
mass is JI C 2 , this means that the overall phase is DC1 — DC2 in the whole region Aq <C /i$ <C /x$ ;0 ; 
a3) if (2N F N C — 3A" 2 ) > and 5 > 0, then the phases is as in 'al' but at n\ < ri\ < N c only. 

Besides, when q^qi quarks are higgsed, the lower energy theory at /i < /7 gl l remains in the 
conformal regime at < ri\ < b Q /2 in the case 'a2' and at n\ < n\ < b Q /2 in the case 'a3', and 
enters the IR free regime at n\ > b G /2 in the case 'a2' and at n\ > max [n°, b Q /2] in the case 'a3'. 

We consider first the DC\ — DC 2 phase. The quarks acquire the constituent masses JI C 1 and 
~Pc2 and Np dual pions (nions) are formed at the scale fi ~ ~Pc2 ^ V-ci- After integrating out all 
constituent quarks at /i < 7Jc,2 and then all gluons at /j, < Ayff , the Lagrangian of nions N and 
mions M looks as in (6.4), with a replacement JIq — > Ji C2 . All mions are much heavier here than 
nions and mixing between them is small (and is neglected). Hence, after integrating out all mions 
one obtains (6.7) and the nion masses look as ( at Aq <C <C /x$ iQ for 'a2' and 7i$ <C /!$ <C /i<j>, 
for 'al' and 'a3') 

A*(JVii) ~ ^22) ~ , li{Nu)=»{N 21 )=0. (9.6) 

A Q 

As for the mion running masses, they all become frozen at /i < ~fi C2 at the value 

A.% / An \ 2 bo/V F 

KMa) ( > Q _ , >MA0, z M (A Q ,JI c J= ( = *-) . (9.7) 

To see whether mions are dynamically relevant or not in this DC\ — DC 2 phase, we compare 
71^ and fi c r f , see (9.2), (6.6), 

//CV /A^S/^yr 2miV f - (2iV 2 + iV c iV F - 6iV 2 ) 

fe) ~ W vAjJ >>X ' ' = 3(n 2 -iV c )(2iV c -iV,) >0 ' (9 ' 8) 

It is seen from (9.8) that fi(M) in (9.7) are not the pole masses of mions, the hierarchies look here 
as fil° ni 3> fi(M) 3> Jlc,2- The mion propagators have poles at p = /z pole (M) ~ /^ onf only and so 
the mions are dynamically relevant only at scales fj,l° ni < /i < Aq. 

On the whole, in addition to the mions and nions, the mass spectrum in this DC\ — DC 2 
phase includes : a) a large number of hadrons made of the weakly confined (the string tension is 
\fo ~ ^ym ^ ~Pc2 ^ ~Pci) constituent dual quarks with the masses ~pci and ~fic 2 , b) a large 
number of gluonia made of SU(N C ) dual gluons with the mass scale ~ Ay^ = ((M 1 )(M 2 )//i$) 1 / 3 . 

We consider now the Higgs 1 — HQ 2 phase. The largest physical mass here is 7i gl)1 , see (9.2). 
The lower energy theory at /j, < ~p gl l has N' c = N c — n x dual colors and N' F = N F — rii = n 2 > N c 
lighter q 2 , q 2 quarks with unhiggsed colors. It is in the conformal regime at 2 < N' f /n' c < 3, i.e. 
at n\ < b D /2, and in the IR free one at N' F /N C > 3, n\ > b Q /2. 

We start with 2 < N' F /N C < 3. After integrating out all heaviest higgsed gluons and their 
superpartners at jj, <~jl {1) the Lagrangian of remained lighter degrees of freedom looks as 









K = z M Tr 


l An - 


+ z q Tr 



2JNl 1 N ll + K hyhr + qlq 2 + (q 2 ^q 2 ) , (9.9) 



hybr 



N- 



12 



j N 12 + N 21 



:N. 



21 
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, Z M — ^M(AQ,// gl l ) — 1/Zg , 



w 



ax 5 



+ W^m - W^mtv - ^Tr(q 2 M 22 q 2 ) , 



(9.10) 



W M = m Q TrM- -L(tt(M 2 ) - ^(TrM) 2 ) , 
2fi& V IN r / 



w, 



MN 



N u + N 12 M 21 + N 21 M 12 + M 22 N 21 



where Nu are the dual pions (nions) due to higgsing of q^qi quarks (besides, they are sitting 
inside a(fj,)), S is the gauge field strength squared of unhiggsed dual gluons, q 2 and q 2 are the 
q 2 ,q 2 quarks with unhiggsed colors and N± 2 ,N 2 i are the hybrid nions (in essence, these are the 
q 2 ,q 2 quarks with higgsed colors). 



The quarks q 2 ,q 2 are in the HQ 2 phase. After integrating them out at /i < /i^° 2 c and then 
unhiggsed gluons at Ay^ the lower energy Lagrangian is 



K = W Tr 



M^Mu + M\ 2 M X2 + .U M .U,; + Z' M M\ 2 M 22 ^ + Z q Tl [2 ^^11+ ^hybr] , 



W = (N c - ni ) 



Aq° det(M 22 /Ag) 
det iVu 



i/(jv c -m) 



+ W M -W J 



MN 



(9.11) 



-pole 
Vq,2 



The factor z' M in (9.11) appears due to the additional evolution of q 2 ,q 2 quarks and M 22 mions 
in the range of scales JIq° 2 c < // < yu g i,i5 while 7ig i2 lc is the pole mass of q 2 ,q 2 quarks in this 
Higgsi — HQ 2 phase 



—pole _ f^q,2 



/7I po 9 lc xbo7^ 



^,2 = 



z z' ' ~ g 



(9.12) 



From (9.11) : i) the low energy values of the mion running masses Mu are much larger than 
those of nions Nu and the mixing among them is small; ii) the same for the hybrids M\ 2 and 
N\ 2 . Hence, one obtains from (9.11) for the masses 



n{Mu) ~ n(M 12 ) ~ fi(M 21 ) 



A 2 

[I^Zm 



, KM22) 



1 1 

jl^Zj^Z-^ 



(9.13) 



A 



, fjL{N 12 ) = n(N 2 i) = . 



(9.14) 
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To see whether (9.13) are the mion poles masses or not it is sufficient to check the hierarchies 
^conf ^Mii) ^> Jtg^i, /i(Mn) 3> xi(M 22 ) 3> jf°2 '• Therefore, the values of the running mion 
'masses' in (9.13) are not their poles masses, these are simply the low energy limiting values of 
mass terms in their propagators. The propagators of all mions have poles at p — /i pole (M) ~ /x£ 
only and so they are dynamically relevant only in the range of scales n™ n{ < \x < Aq. 

On the whole, in addition to the mions and nions, the mass spectrum in this Higgsi — HQ 2 
phase includes: a) the heaviest ni(2N c — n\) higgsed dual gluons and the same number of their 
superpartners, b) a large number of hadrons made of the unhiggsed q 2 , q 2 quarks with the mass 
scale ~ V%-2 (9-12), c) a large number of gluonia made of the unhiggsed SU(N C — rii) dual gluons 

with the mass scale ~ A^m = ((Mi) (M 2 )//i$) 1/3 . 

We consider now the case N' F /N' C > 3 where the theory at /x < /Z gll is in the logarithmic IR 
free regime at scales jf q 2 l0 < /x < "p^ x- The Lagrangians will be as in (9.9)-(9.11) and only z' M in 
(9.11) and 7ig j2 le in (9.12) will be different. Neglecting logarithmic factors, one can replace z' M — > 1 
in (9.11) and z' q — > 1 in (9.12). The nion masses will be as in (9.14) while /x(M 22 ) in (9.13) will be 
/x(M 22 ) ~ /x(M n ). 

9.3 Special vacua, ni = N c , n 2 = N c 

The most important possible masses look here as follows, 

(M 1 ) spcc = m ^ Nf (™ q ^), (M 2 ) spcc = Aq(^) »(M 1 ) spec , (9.15) 

(M 2 ) pole f(M 2 )^ F /SN c fA ,N F /3(2N c -N F ) 



—2 / A T\ {M%)Aq 2 f A Q \ 2N C ~N F _ 2 a ^q,2 Mq\ 6(2AT c ""jV F ) 

/x$ v V / ' /x c i V /x<j> / 



and, see (7.23), 



— 9 ^ F A a(2iV e -iV F ) 

/re,2V rn Q / fi^\ 3 {2N c -N F ) _(DC) » / A Q A 2Ar F _ (dc) , ni M 

l^J ~a^aj) >x "> ~M^J >>/4 ' (9 ' 16) 

where /I C1 is the possible constituent mass of q x , qi quarks and /x gll is the gluon mass due to their 
possible higgsing. Because /x gl l ~ A*^ 6 ^ * s unclear beforehand whether the phase is DC\ — HQ 2 
or Higgsx — HQ 2 . But an attempt to write the standard superpotential for the DCx — HQ 2 
phase shows that it will be singular at nx = N c |7J and, similarly to the special vacua in the direct 
theory in section 7.3, we assume here that the overall phase will be Higgsx — HQ 2 and the whole 
dual gauge group will be higgsed at Aq <C /x <C Ji^ C \ while the phase will be DCx — DC 2 at 

—(DC) ' 

< /x < //$ jQ . 



But taking b /N c <C 1 and using the results from [5] we obtain A^'V/M i ~ exp{3-/V c /14b } 3> 1. 
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We start with the Higgsi — HQ 2 phase and proceed as in the section 7.3. I.e., after integrating 



out first the quarks q 2 ,q 2 as heavy ones at /i < fj%° 2 e and then all higgsed dual gluons and their 
superpartners at /i < /U g i,i> the Lagrangian takes the form 



K = Tr 



zm- 



A 



y/NlNu + blh + blh 



W = W non - P ert -W M - -t— Tr Nu (Mil - M 12 ^-M 2l ) , 

Aq V M22 ' 



(9.17) 



W 



M 



2/i$ 



Tr(M 2 ) - -^-(TrM) 2 



where the non-perturbative term looks here as 



W, 



non— pert 



A 



det N n hbi 



A 2 



(A) = (S) 



(Mi)(M 2 ) 



(9.18) 



A 2 = [A^det M22 



l/JVc 



A 



, (A ) = (JVx) = (mgyA Q = 



(M 2 )Aq 



and A is the auxiliary field. 

From (9. 17), (9. 18) : the hybrids Mi 2 , M 2 i are massless, the baryons 61, bi are light 



H(bi) = n(bi) 



(Mi) 



m Q 



z q A Q \i\q 



x bo 
/ /i$ \ 3(2AT C -JV F ) 

l A^J <<C ^1,1 > 



(9.19) 



while all other masses are ~ /x gl l ~ /Zg 2 le (the nion masses increased due to their mixing with the 
mions). Besides, in particular, because fil° ni ~ fi^° 2 ° in these special vacua, there is no warranty 
that these nonzero masses of mions Mu and M 22 are the pole masses. Maybe so but maybe not 
(see section 4). 

On the whole, there are three scales in the mass spectrum: the hybrid mions M 12 ,M 2 i are 
massless, the baryon masses are (9.19), while all other masses are ~ /7 gl 1 ~ jjF q 2 le ~ 

~ A Q (A Q / ^) NfI?,{2N ^ Nf) in these special vacua at A Q < /i$ < JI^ . 

Now, we consider the phase DCi — DC 2 with fi ci 3> ~p, C2 3> /io° nf ~ fj^° 2 ° in these special 

vacua at /I^ )C ' ) <C //$ <C A^o- We can proceed then as in this phase in section 9.2 above and 
to start directly with the Lagrangian (6.4). Because ~p C2 ^> fil° ni , there are poles in the mion 
propagators at p — /i pole (Mj J ) <C 7^0,2 ^ Aq, 



/i polc (M^) 



A 2 



m — = — S — — ("a - J > Zm{Aq,h C2 ) = ,(9.20) 

zmKAq^c^hs, hzKKqJ \m Q J 
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and all mions are dynamically relevant here in the range of scales // pole (Mjj) < fi < Aq. Hence, 
after integrating them out in (6.4) one obtains the Lagrangian (6.7). From this, the masses 
of Nn and N 22 nions are fx(Nn) ~ (t(N 22 ) ~ A Q (A Q /^) Nc/i2Nc - NF) , while the hybrids N 12 
and N21 are massless. We recall finally that the masses of constituent quarks are here 7J C1 ~ 

((M 2 } sp ec/A i <i.) 1 ^ 2 S> ~pc,2 an d A*C2 ~ ((^i)s P ec/A i $) 1 ^ 2 3> A^ 6 ) an d the ma ss scale of gluonia is 
A^ c) = [(Mi) spec (M 2 ) spcc /^ ~ A Q [(m Q /A Q )(A Q /// )^/( 2 ^-^)]V3 » „ 

10 Dual theory. Broken flavor symmetry. 
The region //$ jQ <C //$ Ag/mQ 

10.1 brl - vacua, DCi — DC 2 phase 

We recall, see (8.1), that the condensates of mions and dual quarks in this vacua are 

(iV 2 ) = (g 2 g 2 (^ = Aq)) = ~ m Q A Q » (iVi) , 

A 4 * 

and so some potentially relevant masses look here as 

-2 / AT \ ( M l) A Q a ^.-2 /AM Pole a f m Q fJ^ \N F /3N c 

Vc,2 ~ W = ^qAq > /i c i ~ (iVi) , ~ AqI — 2— j > //£ 2 , (10.1) 

A 4 * V A Q 7 



From (10.1) 

pole 



1 , ^- A M Q y _ b (N c -m) + W c (2N c -N F ) ^ 

dr—>l at 0*>/**,i = AqI ) , cr = q"a7 at >0 ' 10 - 2 

A%,1 v ™Q y 2N F (N C - m) + 3N C N C 



/Cl - » /A Q \bo/2W F A Q 

> 1 at ^ > fJL^ 2 = Aq , /jLq o < ! < (JIq 2 < 

A*C,2 " Vm Q 7 ' ' m Q 



Therefore, the mass hierarchies in the region /i$ )0 <C <C look as ^ /^ci ^ A 4 ?,! 6 
and the phase is DCi — DC 2 . In the regions /Z 01 <C /i$ <^ ^$,2 an d 7^$, 2 <^ A** <^ ^-Q/ m Q the 
mass hierarchies look, respectively, as 7J C 2 3> /ig° le 3> Atp 1 an d A 4 ^ ] 16 ^ A^c 2 ^ A^c 1 an d the phase 
is HQ 1 -DC 2 . 

We start with the DCi — _DC 2 phase and recall that the largest constituent mass ~p c 2 is formed 
not at the scale /i ~ ]I 02 but at the lower scale \i ~ A*ci) see 0- Hence, after integrating out 
simultaneously all dual quarks at /j, < ~jl c x and then the dual gluons at /x < Ay^ , one obtains 
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the Lagrangian (6.4) with the only difference that the factor zm is now zm = (^q/~Pc 1 ) 2h °^ NF . As 
one can check, all Np mions with masses //(M) ~ (Aq/ zm^<s>) are still much heavier than all Np 
nions and so the Lagrangian of nions is (6.7). The hybrid nions N± 2 and A 2 i are massless, while 
the masses of n\ nions N u and n 2 nions A 22 look now as /i(A n ) ~ /u(A 22 ) ~ ^qaWAq . Because 
~Pci^ A t o° nf a ^ A^.o < < the above mion masses are their pole masses and the mions are 
dynamically relevant in the range of scales /iP° le (M) ~ (A 2 Q /z M ^) < fi < Aq. 

Besides, there is in the mass spectrum : a) a large number of hadrons made of dual con- 
stituent quarks with the masses ~p C2 and ~Pcii ~Pc2 ^ V-ci ^ Ai pole (Af), b) a large number of 
gluonia with the mass scale ~ J\yM = ((Mi)bri(Af 2 ) brl / / u, I >) 1 / 3 ~ { m Q(M 2 ) hv i) 1 ^ "C V-ci made of 
dual £{7 (N c ) gluons. 



10.2 brl - vacua, HQx — DC 2 phase 



10.2.1 The region <C /i$ <C /% 2 5 ^0,2 > Mai 6 > A*ci- Here, the largest dynamical 
mass /Z C2 i s formed not at the scale fi ~ /Z C2 but at the lower scale \i ~ \}?°^ <C /Z C2 > see 0- 
Hence, proceeding as in [7] (see section 4), i.e. integrating out the constituent quarks g 2 ,g 2 and 



the quarks q±,qi as heavy ones at \x < /ig°i le and then all SU(N C ) dual gluons at fi < Ay^p , the 
Lagrangian of iVj. mions M and n 2 . nions A 22 takes now the form 



K 



pole\ 



Zm(Aq, 

Al 



-Tr (M f M) + Tr J N 22 N 22 



(10.3) 



H/ = (iV c - m)5 - H/^vm + Wm , S 



det A 22 



A Q °det(M n /A Q ) 



1 1 ' \ , , Tr ( 1 f 22 - \ i : > ;■■ M,). W M = m Q TiM - J- [ Tr (M 2 ) - (TrM) 2 ) , 



A22 
A, 



1 

M11 



1 



2/i$ V 



A, 



^qi^Q^lT) = {-^—) ' -^M = ^m(Aq, °) = 1/^ 2 (Aq, C ) . (10.4) 

From (10. 3), (10. 4) the masses of n\ mions Mn , n 2 mions M 22 and n 2 nions A 22 look here as 

^° le (M u ) ~ /^ le (M 22 ) A Q » fJ,(N 22 ) ~ ^ , (10.5) 

Z M (Aq,^ 1 )/i$ Aq 

while 2n\n 2 hybrid mions M 12 and M 21 are massless. 

On the whole, the mass spectrum in this region includes : a) a large number of 22-flavored 
hadrons made of non-relativistic weakly confined constituent quarks q 2 , q 2 with the masses /7 C2 3> 

° le (the string tension is yfo ~ AyJ^ <C ^ A*c,2) > t>) a large number of 11-flavored hadrons 
made of non-relativistic weakly confined quarks q 1 , q± with the masses £tg° le A.y M \ c) corre- 
sponding heavy hybrid hadrons with the masses ~ (jl c 2 + /iq°i le ), d) a large number of gluonia 
with the mass scale ~ A-ym > e ) M 22 mions and A 22 nions with the masses (10.5) , f) the 



41 



hybrid mions M 12 , M 2i are massless. 



10.2.2 The region fi^ 2 <C /i$ <C Aq/itlq, /j, C2 <C /^°i le - Here, the largest physical mass is 
/iq° le . Hence, unlike the constituent quarks q 2 , q 2 with the soft non-perturbative dynamical masses 



fi C2 above, the quarks q 1 , qi with the hard perturbative masses /x^° lc can now be integrated out at 



/i < /x„° le independently of other degrees of freedom. After integrating them out, the lower energy 



theory at /i < /^° e has AT/- = (A 7 "^ — ni) = n 2 flavors, N c colors, b D = (3iV c — N F ) = (3N C — n 2 ), 
and the new scale factor A' of its gauge coupling is 



Aj(Mn) = ^(A Q ,< e )A§>det(^), A' ? = <AJ(M U )> ~ <f . 



M 



(10.6) 



Because 3/2 < ATp = (Afp — ni)/ N c < 3 at ri\ < b G /2, this lower energy theory will be in the 
conformal regime with the anomalous dimensions of q 2 , q 2 quarks and M 22 mions (the mions Mn 



and hybrids M 12 , M 21 do not evolve any more at fi < /ij?° lc ) 



ryl — ^',conf 
'9 '9 



A^p 



ni 



I'm = = -H' C ° nl > 



(10.7) 



while, because 1 < N F = (N F - ni)/ N c < 3/2 at b G /2 < n x < A" F /2, it will be in the strong 
coupling regime with the anomalous dimensions 



,,/.str_ 2N c -n 2 
% n 2 -N c 



2N C - n 2 
N c -m 



I I, str 

7m = 7m 



:i+7' str ) 



N c -m 



(10.* 



Instead of (10.1), the constituent and pole masses of the q 2 , q 2 quarks look now as, see (10.4), 

1/2 „„,„ (M 2 ) 



^C,2 — 



pole 
-pole J ' 



-pole 

V Ur^ o / conf V /!<!> / V yfi^t 2 / str V Us> ' 



jVc("i+b ) 
6iV c (iV c 



-pole 



N C /2N C 



;io.o) 



/i Cj2 / conf 

so that the lower energy theory is, on the whole, in the HQi — DC 2 phase in any case. 

After integrating out the heaviest q ± , qi quarks as heavy ones at /i < /zj^ 16 the Lagrangian looks 
as, see (10.3), (10.4), 



K = 



W 



^(Ag,<f) Tr (MfM) + ^ ^ ^ + _^ 



;io.io) 



2tt 



- -^Tr q 2 (M 22 - M 21 ^—M 12 )q 2 + W M , 
Aq V Mn / 



with Ag(Mn) of the gauge coupling given in (10.6). 

Therefore, after integrating then out the constituent q 2 , q 2 quarks at // < ]Iq 2 and, finally, all 

SU (N c ) gluons at /i < Ay^ , the Lagrangian of mions M and nions A 22 has the superpotential 
as in (10.3) while the Kahler term is 

K = ZM(A ^ /iq ' 1 } Tr ( M^Mn + Ml 2 M 12 + M 21 M 2i + 4K?> ^,2) M 22 M 22 j + (10.11) 
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+ z q (A Q ,^)Tr ^ 22 N 22 , z' M {^^ 2 ) = (%)™ » 1 . 

A*q,l 



From (10.11), the mass of mions M u is 



//(Mu) ^-p FtF ~ — /C> ( 10 - 12 ) 

z M (AQ,//P°i e )/i$ A** v a q 1 v A^ 

while the masses of mions M 22 and nions N 22 look as 



n{M 22 ) ~ //(A^) ~ ; polc — 

V Z M\f i q,l 1^0,2) ) 

At 2ni < b Q this is 

/i(M 22 ) ~ /i(iV 22 ) ~ ( <f , (10.13) 



and at b Q < 2n\ < N F this is 

jV e (ra 2 + iVe-n 1 ) 

MM 22 ) ~ /i(iV 22 ) ~ (^) <f . (10.14) 

And finally, the hybrid mions M i2 and M 2i are massless. 

On the whole, the mass spectrum includes in this case, a) A large number of heaviest 11- 
flavored hadrons made of weakly confined quarks q ± , q\ with the masses /ig° le , see (10.1), (the 

string tension is ~ Ay^ ^ ~Pc,2 ^ A t g°i e ) ■ b) A large number of 22-flavored hadrons made 
of non-relativistic and weakly confined quarks q 2 , g 2 with the constituent masses JIq 2 (10.9). c) 
Corresponding heavy hybrid hadrons with the masses ~ (a^"' 6 + ~P>c,2)- d) A large number of 
gluonia with the mass scale ~ ^ym* ma de of dual SU(N C ) gluons. e) n\ mions Mu with the 
masses (10.12). f) n 2 mions M 22 and n\ nions N 22 with the masses (10. 13), (10. 14). g) And 
finally, the hybrid mions M 12 , M 21 are massless. 

10.3 br2 and special vacua. 

At n 2 < N c there are also br2 - vacua, see section 3. For these, all their properties can be 
obtained by the replacement ri\ -H- n 2 in formulas of the preceding sections 10.1-10.2. The only 
difference is that, because n 2 > Np/2, there is no analog of the conformal regime with ri\ < b D /2 
at /i$ > /7 $ 2 and /x < /ig° le , i.e. at /x$ > /7 $ 2 the lower energy theory at /i < //^° le is always in the 
strong coupling regime. 

As for the special vacua (see section 3), all their properties can also be obtained with n± = 
N c , n 2 = N c in formulas of the preceding sections 10.1-10.2 . 



11 Broken M = 2 SQCD 

We consider now Af = 2 SQCD with N c colors, N F flavors of light quarks, the scale factor A 2 of 
the gauge coupling, and with Af = 2 broken down to Af = 1 by the large mass parameter /i x A 2 
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of the adjoint field X = X a \ a , Tr(A a A 6 ) = 5 ab /2. At very high scales fx fx x the Lagrangian 
looks as (the exponents with gluons are implied in the Kahler term K) 

K = 2 ( 1 a ^ Tr ( xtx ) + Tr (Q f Q + Q ^ Q) . (ii-i) 

W = — — 1 S + /i X Tr(X 2 ) + v / 2Tr(QXQ)+mTr(QQ). 

a(fx, A 2 ) 

The running mass of X is fXx{fj) — 9 2 {n)nx-, so that at scales fx < fi p x le = g 2 {fi v x Xe )fi x the 
field X decouples from the dynamics and the RG evolution becomes those of Af = 1 SQCD. 
The matching of Af = 2 and Af = 1 couplings at fx — fi p x lc looks as (A 2 and Aq are the scale 
factors of Af = 2 and Af = 1 gauge couplings, Aq is held fixed when fi x 3> Aq is varied, 
b 2 = 2N c -N F ,b = 3N c -N F ) 

2tt 2tt a 

, /i X > Aq > A 2 , 



a(fx = fx* x olc ,A 2 ) a(fx = ^ x olc ,A Q ) 

pole pole -i 

b2 In ^f - = b In ^- - A F In z q (Aq, ^ le ) + A c In — , (11.2) 

\b 2 n N c ..Pole iVe 

A Q ° = 3^^ =^^^)^, ^(A Q ,/i = /4° lc ) - 0^) » I- 

Z Q \ A Q^X ) Q 

Although the field X becomes too heavy and does not propagate any more at fx < /i^ olc , the 
loops of light quarks and gluons which are still active at Aq < fx < fx v x Xe if the next largest physical 
mass fx H is below Aq and at fx H < fx < fx p x le if /x H > Aq, induce him a non-trivial logarithmic 
renormalization factor z x (fx x ^ lc ,fx < fi v x Xc ) <C 1. 

Therefore, finally, at scales Aq <C fx <C fx v x Xc if fiH < Aq and at fin *C fx <C fx v x Xe if > Aq, 
the Lagrangian of the broken Af = 2 - theory with < Np < 2N C can be written as 

K = Zx [f^ ] Tr ( x ' x ) + "Qi^ Tr (Q f Q + Q -+ 0) > ( n -3) 

5 (A*x J 

2tx - 
W = -. — — 1 S + /i X Tr(X 2 ) + v / 2Tr(QXQ)+mTr(QQ). 

a{fx,A Q ) 



\ b2/b 



^q(/^x 1c > = z Q (fx p x lc , Aq)z q (Aq, fx), z q (Aq, fx) ~ (la 7 > 1 . 



In all cases when the field X remains too heavy and dynamically irrelevant, it can be integrated 
out in (11.3) and one obtains 

K = z Q {fxf c ,fx) Tr (QtQ + Q ^ Q) , (11.5) 
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w < = -^7) s + mlY(QQ) - 2S7 r (QQ)2 - * C* QQ ) 



a(fi,A Q ) " 
Now we redefine the normalization of the quarks fields 

4^(^° le ' a q) ^ ' ^ 4 /2 (^° le > a q) 



Q= i/2, pee : Q= i/ 2 , POlc . ( n - 6 ) 



K = z Q (A Q ,fi)Tr^Q + (Q^Q)}, W = --J^S + W Q , (11.7) 



W Q = ™ Tr(QQ) r ( Tr (QQ) 2 - -^-(ttQQ) |. (11.8) 

Comparing this with (1.3) and choosing 

; p^c I v = m Q < A Q , 4(^ ole , A Q )/i X = > A Q (11.9) 
*q(/4 > a q) 

it is seen that with this matching the $ - theory and the broken J\f = 2 SQCD will be equivalent. 

Therefore, until both X and $ fields remain dynamically irrelevant, all results obtained above 
for the <£> - theory will be applicable to the broken M = 2 SQCD as well. Besides, the $ and X 
fields remain dynamically irrelevant in the same region of parameters, i.e. at Np < N c and at 

> Ho if N F > N c , see (4.1). 

Moreover, some general properties of both theories such as the multiplicity of vacua with 
unbroken or broken flavor symmetry and the values of vacuum condensates of corresponding chiral 
superfields (i.e. (QjQi) and (S), see section 3) are the same in these two theories, independently 
of whether the fields $ and X are irrelevant or relevant. 

Nevertheless, once the fields $ and X become relevant, the phase states, the RG evolution, the 
mass spectra etc., become very different in these two theories. The properties of the <£> - theory 
were described in detail above in the text. In general, once X becomes sufficiently light and dy- 
namically relevant, the dynamics of the broken M = 2 SQCD with fi x ^ Aq becomes complicated 
(we expect that the field X will be higgsed, with fi g \ ~ fi , see (4.1) ) and is outside the scope of 
this paper. 

Finally, we trace now a transition to the slightly broken M = 2 theory with small fix *C A2 
and fixed A 2 . For this, we write first the appropriate form of the effective superpotential obtained 
from (11.7), (11.8) 

W Q = -NcS + 1 Tr(QQ) - J c ( Tr {QQ) 2 - -L (Tr Q Q ) 



—— \ 1/N C 



det QQ 



A 



bo 



(11.10) 
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and restore now the original normalization of the quark fields Q, Q appropriate for the slightly 
broken M = 2 theory with varying fix "C A2 and fixed A2, see (11.6), 

l / 1/ x 2\ /r ]pt OO \ l/Nc 

W Q = ~ N cS + m Tr(QQ) - ^— ( Tr (QQ) 2 - — [Tr QQJ j , S = (^?) (H-H) 

One can obtain now from (11.11) the values of the quark condensates (Q -Q^) at fixed A 2 and 
small fix <C A 2 . Clearly, in comparison with (QjQi) in section 3, the results for (Q-Q^) are 
obtained by the replacement: rriQ — >• m, //$ — > fix, Aq — > A 2 2 //^ c , while the multiplicities of 
vacua are the same. From (11.11), the dependence of (Q-Q^ and (S) on fix is trivial in all vacua, 
~ fix- 

W it ti the above replacements, the expressions for {QjQi) in section 3 in the region Aq <C 
/i$ <C /i$ j0 correspond here to the hierarchy m <C A 2 , while those in the region /i<j, 3> /i$ 
correspond here to m > A 2 . In the language of [12] used in [TT] (see sections 6-9 therein), 
the correspondence between the r - vacua [121 E] of the slightly broken M = 2 theory with 
< /Ux/A 2 < 1, < m/A 2 <C 1 and our vacua in section 3 looks as : a) r = m, b) our 
L - vacua with the unbroken or the L - type ones with spontaneously broken flavor symmetry 
correspond, respectively, to the first group of vacua of the non-baryonic branches with r = and 
r > 1, r 7^ N c in pTlJ , c) our S - vacua with the unbroken flavor symmetry and br2 - vacua with 
the spontaneously broken flavor symmetry correspond to the first type from the second group of 
vacua of the baryonic branches with, respectively, r = and 1 < r < iV c in [11] . d) our special 
vacua with ni = N c , n 2 = N c correspond to the second type of vacua from this group, see [TT] . 

12 Conclusions 

The mass spectra and phase states of the M = 1 SQCD-like $ - theory (and its dual variant, 
the <i$ - theory) with additional colorless flavored fion fields $jj were described above in the text 
in some details, within the dynamical scenario #1 (see [6j [7] for more details about this scenario 
with the coherent colorless diquark condensate). 

In comparison with the standard M = 1 SQCD with the superpotential W = vtiq Tr(QQ) 
and the only small parameter ttlq/Aq 1 which serves as the infrared regulator, the $ - the- 
ory includes two independent competing small parameters which serve as infrared regulators, 
itiq/Aq 1 and Aq/h^, 1, see (1.3). Due to this the dynamics of this theory is much richer. 
Two main qualitatively new elements in this $ - theory are : 

a) the appearance of a large number of vacua with the spontaneously broken vectorial flavor 
symmetry, U(N F ) — > U{rii) x U(n 2 ), 

b) in a number of cases with Np > N c , due to their interactions with the light quarks, the 
seemingly heavy and dynamically irrelevant fion fields $ 'return hack'' and there appear two ad- 
ditional generations of light $ - particles, see the section 4. 

This is not a purpose of these conclusions to repeat in a shorter form all results obtained above 
in the main text for the phase states and mass spectra of the direct and dual theories at different 
values of fi<$>j Aq ^> 1. We only point out here that, similarly to the ordinary SQCD [HI [7J |8], the 
direct $ -theory and its dual variant, the d$ - theory, are also not equivalent (at least, within the 
scenario #1 considered in this paper). 

12 This correspondence is based on comparison of multiplicities of our vacua at /i$ /i$, described in section 
3 and those of r - vacua at m < A 2 and [ix "C A 2 as these last are given in [TT] . 
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We will try only to formulate here in a few words the most general qualitative property of 
SQCD-like theories which emerged from the studies in [6j [7J |8] and in this paper. This is the 

extreme sensitivity of their dynamical behavior in the IR region of momenta, of their mass spectra 
and even of the phase states, to the values of small parameters in the Lagrangian which serve as 
infrared regulators. 

The $-theory with ^> Aq considered in this paper is tightly connected with the X-theory 
which is the M = 2 SQCD broken down to M = 1 by the large mass parameter fix ^> A 2 of 
the adjoint fields X. The multiplicity of vacua and the numerical values of the quark and gluino 
condensates, (QjQi) and (S), are the same in both theories (under the appropriate matching of 
parameters, see the section 11). Moreover, in all those cases when the fields $ are dynamically 
irrelevant in the $-theory, the fields X are also dynamically irrelevant in the X-theory and these 
two theories are completely equivalent. But even in these cases, this does not mean that these two 
theories are simply equivalent to the ordinary SQCD with small unimportant corrections. First, 
the whole physics in a large number of additional vacua with the spontaneously broken flavor 
symmetry is completely different. And second, even in vacua with the unbroken flavor symmetry, 
these theories evolve to the standard SQCD with small corrections not at /i$ = (several)Aq as one 
can naively expect, but only at parametrically large values of /x$/Aq (and, besides, these values 
differ parametrically in the direct and dual theories, see sections 5 and 6). 

But when the fields $ and X become dynamically relevant the phase states, the mass spectra, 
etc. become very different in the $ and X - theories. 

We have described also in section 11 the connections between the values of the quark conden- 
sates in different vacua in the strongly broken M = 2 SQCD with large varying fix ^> Aq and 
fixed Aq with those in the slightly broken Af = 2 SQCD with small varying \xx *C A 2 and fixed A 2 . 

This work was supported in part by Ministry of Education and Science of the Russian Feder- 
ation and RFBR grant 12-02-00106-a. 



A The RG flow in the <E> - theory at fi > Aq 

A.l We first consider the $ - theory at N c < Np < 2N C where it is taken as UV-free. We 
start with the canonically normalized Kahler term K at the very high scale \x ~ /^uv and the 
running couplings and mass parameters 

K = Tr ($t$) + Tr(gtg + (Q -> §) ) , W = + + W Q , 



Tr($ 2 ) - ^(Tr$ 



W Q = -/(/i)Tr Q$Q + Tr Qm Q (/x)Q . (A.l) 



Now, instead of running parameters, we introduce ^-independent ones, Aq, and vtlq (/x$ 3> Aq 
and mq ^ Aq in the main text), 

1 2tt 



ho A* 



a(n) N c a(n) N c Aq 

NJ 2 (fi) a f = N c f 2 /2n 



N F 1 

^-lnzQ(AQ, A i) + ln-^-y + C , a , b D = 3N C - N F , (A.2) 



2tt 



z${Aq,ij,)z q (Aq,h) 



f 2 ^ 



z*(Aq,jx) 



, m Q (fi) 



m Q 
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where zq(Aq, /i ^> Aq) ^> 1 and z^(Aq,/i) are the perturbative renormalization factors (logarith- 
mic in this case) in the theory with all fields massless, a/ is taken as a/ ~ 1/ (several) and C a 
is also 0(1) (it will be omitted for simplicity). Therefore, after redefinitions of the quark and $ 
fields, the Lagrangian at the very high scale can be rewritten as 

K = z$(Aq, /i)^Tr ($t$) + Zq ( Aqj M )Tr( QtQ + (Q Q) ) , (A.3) 



Tr($ 2 )-^(Tr$) 2 



, W Q = -Tr (q$q) + Tr (Qm Q Q) . 



From (A. 2) 
dlia.fi 



p f = -a f(ii) (2^(11) + 7$(/i)) , 7q 



d\nz Q (fi) 
d\n/i 



7$ 



<iln z<s>(fi) 
dln/z 



In the approximation of leading logarithms at large \i 
From (A. 4), (A. 5), there is the UV free solution 

1 v 
1 \ b 



2Cj 



n 2 -i 1 

— - ~ 1 . 

TV? 



(A.4) 



(A.5) 



, . N c 1 . . / 1 \^ , , 2A" C . A . 

a( ^"b;hu>7AS' a ^ ) ^ a nMWASJ <<a(/i) ' x< ^7 <2 ' (A - 6) 



/ W V V c/ b o 

z Q (A Q , fi) ~ (in > 1, ^(A Q , m) ~ 1 ■ (A.7) 

It is seen from (A. 6) that the Yukawa coupling a/(/x) is parametrically small in comparison with 
the gauge coupling a(/i) and, up to small corrections, it has no effect on the RG evolution at large 
ft. 

The first physical mass parameter which influences the RG flow with lowering the scale \x is 
/ir lc (<£) = M/i = M > ° 1C ($)) = /W^(Aq,^ o1c ($)) ~ f 2 ^ > A Q , so that n*{n) becomes 
H<s>{n) ~ /V* > /i at /i < fii° le (§) and the fields $ become too heavy. They do not propagate 
any more and do not influence the RG evolution until > Li. Nevertheless, the anomalous 

dimension 7$ 00 remains small but nonzero even at /i < //^ ole ($) due to loops of still active light 
quarks (and gluons interacting with quarks) and, instead of (A.5), the anomalous dimensions look 
at n < /ir lc ($) as 

7 Q (/i) ~ a(/i), 7 < E> (//) ~ -a f (pi) , (A.8) 

while (A. 6), (A. 7) remain the same. Hence, although the heavy fields <3>y decouple at Aq < ji < 
/Xi° le ($), the RG flow remains parametrically the same because their role even at /i > /x^ ole ($) 
was small. 

Therefore, finally, at scales Aq < fi < n\ ole (§) if there is no physical masses \xu > Aq and 
at /j H < fx < /if le (<&) if /jljj > A Q , the Lagrangian of the $ - theory with N c < N F < 2N C light 
flavors can be written as 

K = ^Tr ($t$) + zq(Aq, /i)Tr ( QtQ + (Q -+ Q) ) , W = t\-,S + + W Q , 
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Tr($ 2 )-^(Tr$) 2 , W Q = Tr (Qm^Q) , m% = m Q - $ , (A.9) 



with z q (Aq,h) given in (A.7). 

A. 2 We consider now the case 1 < N F < N c . Although the $ - theory is not UV free in 
this case and requires UV completion at /j, > fiyy, the RG flow at \xn < /i <C /iuv is very specific 
(see below, the quarks are really higgsed in this case at //# = /i g i, Aq <C /i gl <C /i$ <C A^izy, see 
section 2). We take from the beginning a/ in (A. 2) to be sufficiently small, a/Cl, and calculate 
the behavior of a(/i) and a/(/i) at Aq <C /j <C in the massless theory which follows from their 
definitions in (A. 2). Then, by definition, in the theory with Aq <C /i5' olc ($) <C fi uv , the behavior 
of a{jj) and a/(//) at y u^ olc ( < l ) ) <C /i <C /i[/y will be the same while, in general, it can be different 
at /I < /ir lc ($)- 

There is the same solution (A. 6) also at 1 < Np < N c , with a difference that 2/3 < 2N c /b Q < 1 
now and a/ < 1. Hence, starting with /x > Aq, a/(/i) begins first to decrease with increasing /i, 
but more slowly now than a(/i) ~ ln _1 (/j/AQ). Due to this, /3f(fj) in (A. 4) changes a sign at 

am ~ oW (±)^ » 1, 0/(W ~ ~ ( 0/ )^ « „, « 1(A.10) 

and then a/(/i) begins to grow 

a / ( / x>p)~ rr J- TT , ln(^U(l)^»l (A.ll) 

with further increasing /i > /J. Therefore, z^(Aq,/i < fx) ~ 1 in the massless theory. 

For our purposes in section 2 it will be sufficient to have /i gl <C /i5 >olc ($) ~ a//i$ <C /I /iuv- 
This leads to a sufficiently weak logarithmic restriction 

l»(lnf)^, 0<^£<i, (A.12) 
a/ V A Q / b G 3 

and then z$(Aq,/j < /ij' olc ($)) remains ~ 1 also in the $ - theory with massive fields $. 



B There is no vacua with (S) = at mq ^ 

The purpose of this appendix is to show that the gluino condensate (S) ^ at mq ^ in all 
vacua with the broken flavor symmetry, U(N F ) — > U(ni) x U(n 2 ), in both the direct and dual 
theories. 

1 . Direct theory 

We assume that there is at N c < Np < 2N C a large number of additional vacua with either 
1 < rii < N c — 1 components (QiQi = Hi) = 0, or n 2 > n\ components (Q2Q2 = n 2 ) = 0. Even 
in this case the relations at /i — Aq 

(it + n 2 > - -^Tr (n) = m Q ^, (S) = — (nxXna), (no ^ (n 2 ) , (b.i) 
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following from the Konishi anomalies (1.2), (1.4) remain valid. Therefore, one obtains from (B.l) 
that either 

(n 2 >=0, (n x ) = Nc m Q /i $ , (S) = 0, l< ni <N c -l, (B.2) 

N c - m 



m <2 



or 



(ni) = o, (n 2 ) 



Nr. 



N c -n 2 



■ m. 



QH* , = , n 2 ^ N c , 



(B.3) 



in these vacua. We will show below that this assumption is not self-consistent. I.e., we will start 
with (B.2) or (B.3) and calculate then explicitly (S) ^ in these vacua. For this, using a holo- 
morphic dependence of (S) on it will be sufficient to calculate (S) ^ in some range of most 
convenient values of Hence, we take mQ\i<$> ~ Aq. 

In vacua (B.2) with (n 2 ) = 0, (111) ~ mg/i$ ~ Aq the quarks Q 1 , Q\ are higgsed with (Qj) = 
(Qi) ~ Aq. At ni < N c — 1 the lower energy theory at /x < Aq contains SU(N C — n\) unbroken 
gauge symmetry with the scale factor of the gauge coupling (A') bo ' ~ Aq/ detlln, (A') ~ Aq, n\ 
pions riii and Q 2 , Q2 quarks with zero condensate and the running mass (m" 2 ) = (mq — $ 2 ) = 
(Hi)/ fj,^ ~ mq at /i = Aq. For this reason, the variants with the DC 2 or Higgs 2 phases of these 
quarks are excluded, they will be always in the heavy quark HQ 2 - phase. At all n\ < N c — 1, 
proceeding as in [01 El E], i-e. lowering the scale down to /i < mQ° 2 e ~ itlq/ zq(Aq, rriQ 2 e ) and 
integrating out Q 2 , Q 2 quarks as heavy particles, there remains the pure SU(N C — rii) Yang-Mills 
theory (and n\ pions IIn) with the scale factor of its gauge coupling 

[ A<>° det(m. Q - ^V""'-"'' 

A ?-« - ( Q LL ) • (R4) 

and, finally, with the Lagrangian of the form (2.22) at /i < (Aym)- From (B.4) 

A n l n '2~ n l 

<S) = (A^ M )~AJ(^) — (!^)— ^0. (B.5) 

\ //$ / V Aq / 

At rii = N c — 1 the gauge group will be broken completely and (B.4) originates from the 
instanton contribution. 

The vacua (B.3) with (III) = are considered the same way and one obtains (B.4), (B.5) with 
the replacement rti -H- n 2 . (In vacua (B.3) the cases with n 2 > N c are excluded from the beginning 
as the rank of (Q 2 ) is < N c and the unbroken U{n 2 ) flavor symmetry cannot be maintained; the 
case n 2 = N c is also excluded as (III) 7^ in this case, see (B.l) ). Hence, only the cases with 
n 2 < N c — 1 remain). 



50 



On the whole, the assumption about the existence of additional vacua (B.2) or (B.3) with 
(III) = or (n 2 ) = at N C <N F < 2N C is not self-consistent. 

2 . Dual theory 

The dual analog of (B.1)-(B.3) looks as, see (1.8), 

(M 1 + M 2 )--^Tr(M} = m Q ^ (S) = — (M 1 )(M 2 ), (Mi) ^ (M 2 ) , (B.6) 
N c ' 

By assumption, there is a large number of additional vacua with either 
(M 2 ) =0, 



(iVi) = K°\)A Q 

or 

(Mi) 



(N 2 ) = (m% 2 )A Q 

In this case, it is more convenient for our purposes to choose the regions Aq <C //$ <C /i$ j0 at 
3AT c /2 < Np < 2N C and A Q < ^ < A Q {A Q /m Q ) 1 ' 2 at jy c < jV F < 3 jV c /2. 

We start with (B.7). It is not difficult to check that in these ranges of /i$ and at all N c < 
Np < 2N C the largest mass is /J gl)2 ^> /i^ / 6 due to higgsing of q 2 , q 2 quarks. Hence, in these (B.7) 
vacua, the cases with n 2 > N c are excluded from the beginning as the rank of (q 2 ) is < N c and 
the unbroken U(n 2 ) flavor symmetry cannot be maintained. But this excludes all such vacua as 
ni < N c - 1 and n 2 = N F -n l >N c + 1. 

Therefore, there remain only (B.8) vacua. In these, in the above ranges of the largest mass 
is /Z gl)1 ^> fi^° 2 le due to higgsing of q l ,q 1 quarks. Hence, one obtains from similar considerations 
that rix < N c — 1 (the case ni = N c is also excluded from (B.6), (B.8) ). And similarly, because 
their condensate (N 2 ) = 0, the quarks q 2 , q 2 will be always in the heavy quark HQ 2 - phase only. 
Hence, at all ni < N c — 1, proceeding as in [6j [7J |8], i.e. integrating out first higgsed gluons 
and q x ,qx quarks at // < £* g i,i> then q 2 ,q 2 quarks with unhiggsed colors at fi < fi^° 2 le an d, finally, 
unhiggsed gluons at \i < (A Y m), one obtains the low energy Lagrangian of the form (9.11) with 

/Al°det(M 22 /AQ)\ 1/(Nc ~ ni} ... N ^^ /rr) N im 

A ™ - ( deU; ' ) ■ < s > ^ < A ™> ~ <W -* O * ■ < a9 > 

At nx = N c — 1 the dual gauge group will be broken completely and (B.9) originates from the 
instanton contribution. 

On the whole, the assumption about the existence of additional vacua (B.7) or (B.8) with 
(Mi) = or (M 2 ) = at N c < N F < 2N C is also not self-consistent. 



(Mi)= c m QfJ ,z, (3) = 0, l< ni <N c -l, (B.7) 
N c - nx 



(M 2 )Aq _ _ (Mx)A Q _ N 

— — - , (N 2 ) - (m Qt2 ) A Q - —— - jj— m Q A c 



N 

0, (M 2 ) = AT c m Q ^ , (S) = 0, n 2 ^N c , (B.8) 
N c - n 2 



/i$ /i<j> -/v c — n 2 
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